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Abstract

According to economictheory|supp orted by empirical and laboratory evidence|
the equilibrium price of a nancial security re ects all of the information regarding
the security's value. We investigate the computational processon the path toward
equilibrium, where information distributed among traders is revealed step-by-step
over time and incorporated into the market price. We dewelop a simplied model
of an information market, along with trading strategies, in order to formalize the
computational properties of the process.We show that securitieswhosepayo s can-
not be expressedas weighted threshold functions of distributed input bits are not
guararnteed to corvergeto the proper equilibrium predicted by economictheory. On
the other hand, securitieswhosepayo s are threshold functions are guaranteed to
cornverge,for all prior probability distributions. Moreover, thesethresholdsecurities
convergein at most n rounds, where n is the number of bits of distributed infor-
mation. We also prove a lower bound, shaving a type of threshold security that
requiresat least n=2 rounds to corvergein the worst case.
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1 Intro duction

The strong form of the e cient markets hypothesis statesthat market prices
nearly instantly incorporate all information availableto all traders. As aresult,
market pricesencale the best forecastsof future outcomesgiven all informa-
tion, ewvenif that information is distributed acrossmany sources.Supporting
evidencecan be found in empirical studies of options markets [15], political
stock markets [8,9,23],sports betting markets [3,10,28],horse-racingmarkets
[31], market gameg24,25],and laboratory investigationsof experimertal mar-
kets [7,26,27].

The processof information incorporation is, at its essencea distributed com-
putation. Each trader beginswith his or her own information. As trades are
made, summary information is revealedthrough market prices. Traderslearn
or infer what information others are likely to have by observingprices, then
update their own beliefs basedon their obsenations. Over time, if the pro-
cessworks as advertised, all information is revealed,and all traders corverge
to the sameinformation state. At this point, the market is in what is called
a rational expectations equilibrium [12,17,20].All information available to all
tradersis now re ected in the going prices,and no further trades are desirable
until somenew information becomesavailable.

While most markets are not designedwith information aggregationas a pri-
mary motivation|for example, derivatives markets are intended mainly for
risk managemen and sports betting markets for ertertainment|recen tly,
somemarkets have beencreatedsolelyfor the purposeof aggregatinginforma-
tion on a topic of interest. The lowa Electronic Market® is a prime example,
operated by the University of lowa Tippie Collegeof Businessfor the purpose
of investigating how information about political electionsdistributed among
traders getsre ected in securitiespriceswhosepayo s are tied to actual elec-
tion outcomes[8,9].
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In this paper, we investigatethe nature of the computational processwherely

distributed information is revealedand combined over time into the pricesin

information markets. To do so,in Section3, we proposea model of an informa-

tion market that is tractable for theoretical analysisand, we beliewe, captures
much of the important essencef real information markets. In Section4, we
presemn our main theoretical results concerningthis model. We prove that only

Booleansecuritieswhosepayo s canbe expressedsthresholdfunctions of the

distributed input bits of information are guararteed to convergeas predicted
by rational expectationstheory. Booleansecuritieswith more complexpayo s

may not convergeunder someprior distributions. We also provide upper and
lower boundson the convergencetime for thesethresholdsecurities. We show
that, for all prior distributions, the price of a threshold security corvergesto

its rational expectations equilibrium price in at most n rounds, wheren is
the number of bits of distributed information. We shaw that this worst-case
bound is tight within a factor of two by illustrating a situation in which a
threshold security requiresn=2 roundsto corverge.

2 Relationship to related work

As mertioned, there is a great deal of documened evidencesupporting the
notion that markets are able to aggregateinformation in a number of scenar-
ios using a variety of market medanisms. The theoretically ideal medanism
requireswhat is calleda completemarket A completemarket cortains enough
linearly independert securitiesto spanthe ertire state spaceof interest[1,32].
That is, the dimensionality of the available securitiesequalsthe dimensionality
of the evert spaceover which information is to be aggregated® In this ideal
case,all private information becomescommonknowledgein equilibrium, and
thus any function of the private information can be directly ewvaluated by any
agent or obsener. Howeer, this theoretical ideal is almost never achievable
in practice, becauseat generallyrequiresa number of securitiesexponertial in
the number of random variables of interest.

When available securitiesform an incomplete market [18] in relation to the
desiredinformation spacelas is usually the case|aggregation may be partial.
Not all private information is revealedin equilibrium, and pricesmay not con-
vey enoughinformation to recover the completejoint probability distribution
over all everts. Still, it is generallyassumedhat aggregationdoesoccur along
the dimensionsrepreseted in the market; that is, pricesdore ect a consistem
projection of the ertire joint distribution onto the smaller-dimensionalspace

6 When we refer to independenceor dimensionality of securities, we mean the in-
dependenceor dimensionality of the random variables on which the security payo s
are based.



spannedby securities.In this paper, we investigate casesin which ewen this

partial aggregationfails. For example, even though there is enough private
information to determine completely the price of a security in the market,

the equilibrium price may in fact reveal no information at all! So characteri-
zations of when a rational expectations equilibrium is fully revealing do not
immediately apply to our problem. We are not asking whether all possible
functions of private information can be evaluated, but whether a particular

target function can be evaluated. We show that properties of the function it-

selfplay a major role, not just the relative dimensionalitiesof the information

and security spaces.

Our secondmain cortribution is examining the dynamics of information ag-
gregation before equilibrium, in particular proving upper and lower bounds
on the time to convergencen those casesn which aggregationsucceeds.

Shohamand Tennenholtz [30] de ne a rationally computablefunction as a
function of agens' valuations (types) that can be computed by a market,
assumingagerns follow rational equilibrium strategies. The authors mainly
considerauctions of goods as their basic medanistic unit and examinethe
commnunication complexity involved in computing various functions of agerts'
valuations of goods. For example, they give auction medanisms that can
compute the maximum, minimum, and kth-highest of the agerts' valuations
of a singlegood using1, 1,andn k+ 1 bits of commnunication, respectively.
They alsoexaminethe potertial tradeo betweencomnunication complexity
and reverue.

3 Mo del of an information mark et

To investigate the properties and limitations of the processwherely an in-

formation market corvergestoward its rational-expectations equilibrium, we

formulate a represetative model of the market. In designingthe model, our

goalsweretwo-fold: (1) to make the model rich enoughto be realistic and (2)

to make the model simple enoughto admit meaningfulanalysis.Any modeling

decisionsmust trade o thesetwo generallycon icting goals,and the decision
processis asmuch an art asa scienceNonethelesswe beliewe that our model

captures enoughof the essencef real information markets to lend credence
to the results that follow. In this section, we presem our modeling assump-
tions and justi cations in detail. Section3.1 descrikesthe initial information

state of the system,Section3.2 coversthe market medanism, and Section3.3
preseis the agens' strategies.



3.1 Initial information state

There are n agens (traders) in the system,ead of whomis privy to onebit of

In the initial state, eat agen is aware only of her own bit of information.
All agents have a commonprior regardingthe joint distribution of bits among
ageris, but none has any speci ¢ information about the actual value of bits
held by others. Note that this common-prior assumptiorjt ypical in the eco-
nomicsliterature|do esnot imply that all agens agree.To the cortrary, be-
causeeadt agen hasdi erent information, the initial state of the systemis in
generala state of disagreemen

Example 1: Supposethere are two ageris, eat with a single bit of infor-
mation. Then, the information vector is X = (Xy;Xz). Further, if the prior
probability distribution is uniform, then ead of the four possiblevaluesfor x
will have a prior probability of %1. Now, agent 1 obsenesx;; say sheobsenes
X1 = 0. Then, conditioned on this information, agert 1 believesP ((x1;X,) =
(0;0)) = P((x1;%x2) = (0;2)) = % Similarly, if agent 2 obsenesx, = 1, he
will condition on this information to get posterior probabilities P ((x1; X2) =
(0;1)) = P((x1;x2) = (1;1)) = % Thus, the agers sharea commonprior but
have di erent posterior beliefs becauseof their di erent information. Also,
neither agert knows the exact value of (x1;X,), despite the fact that their
combined information is su cient to determineit. 2

3.2 Market mechanism

The security beingtraded by the agerts is a nancial instrument whosepayo
is a function f (x) of the agers' bits. The form of f (the description of the
security) is common knowledge’ among agens. We sometimesrefer to the
X; asthe input bits. At sometime in the future after trading is completed,
the true value of f (x) is revealed? and every owner of the security is paid an
amourt f (x) in cashper unit owned. If an agert endswith a negative quartit y
of the security (by selling short), then the agernt must pay the amourt f (x)
in cashper unit. Note that if someonewnereto have completeknowledgeof all
input bits x, then that personwould know the true valuef (x) of the security
with certainty, and sowould be willing to buy it at any price lower than f (x)
and (short) sellit at any price higher than f (x).°

7 \Common knowledge" is information that all agerts know, that all agerts know
that all agerts know, and soon ad in nitum [5].

8 The valuesof the input bits themselves may or may not be publicly revealed.

9 Throughout this paper we ignore the time value of money,



Following Dubey, Geanaloplos, and Shubik [4], and Jadkson and Ped [14],
we model the market-price formation processasa multip eriod Shapley-Shubik
marketgame[29]. The Shapley-Shbik processoperatesasfollows: The market
proceedsin syndironousrounds. In ead round, eat agern i submits a bid b
and a quantity g. The semattics are that agen i is supplying a quanity g
of the security and an amourt b of moneyto be traded in the market. For
simplicity, we assumethat there are no restrictions on credit or short sales,
and so an agent's trade is not constrained by her possessionsThe market
clearsin ead round by settling at a s&pgle pgice that balancesthe trade in
that round: The clearingpriceisp = ;b= ,;g. At the end of the round,
agert i holds a quartity ¢ proportional to the money shebid: ¢° = h=p. In
addition, sheis left with an amourt of moneyt that re ects her net trade at
pricep: = h p(® g)= pg. Note that agen i's net trade in the security
is a purchaseif p< h=q and a saleif p> b=q.

After eat round, the clearing price p is publicly revealed.Agerts then revise
their beliefsaccordingto any information garneredfrom the new price. The
next round proceedsas the previous. The processcortinuesuntil an equilib-
rium is readed, meaningthat pricesand bids do not changefrom one round
to the next.

In this paper, we make a further simplifying restriction on the trading in eah
round: We assumethat g = 1 for eat agen i. This modeling assumption
senestwo analytical purposes.First, it ensuresthat there is forced tradein
ewvery round. Classicresults in economicsshow that perfectly rational and
risk-neutral agertis will newer trade with ead other for purely speculative
reasong(even if they have di ering information) [21]. There are many factors
that can induce rational agers to trade, sud as di ering degreesof risk
aversion, the presenceof other traders who are trading for liquidity reasons
rather than speculative gain, or a market maker who is pumping money into
the market through a subsidy We sidestepthis issueby simply assumingthat
the informed ageris will trade (for unspeci ed reasons).Secondforcing g =
for all i meansthat the total volume of trade and the impact of any onetrader
on the clearing price are commor},knowledge;the clearing price p is a simple
function of the agerts' bids, p=; bh=n. We will discussthe implications of
alternative market modelsin Section5.

3.3 Agentstrategies

In orderto draw formal conclusionsabout the price ewolution processwe need
to make someassumptionsabout how ageris behase. Essetially we assume



that agerts are risk-neutral, myopic,'° and bid truthfully: Eacd agert in eat
round bids his or her currernt valuation of the security, which is that agert's
estimation of the expected payo of the security. Expectations are computed
accordingto ead agert's probability distribution, which is updated via Bayes'
rule. When new information (revealedvia the clearing prices) becomesavail-
able. We alsoassumethat it is commonknowledgethat all the agerns behave
in the speci ed manner.

Example 2: Considerthe initial information set-upin Example 1, and intro-
ducea security F basedon the ORfunction f (X) = X;_ X, that isF ewertually
payso $1if f (x) is 1. Supposeageri 1 obsenedx; = 0 and agen 2 obsened
X, = 1. Then agent 1's initial expectation of the value of F is 0:5; hence,in
our model, shewould bid b; = 0:5 in the rst round of trading. On the other
hand, agert 2 would know for certain that f is 1, and would bid b, = 1. The
clearing price of the market after the rst round would thus be 0:75. 2

Would rational agerts actually behave accordingto this strategy? It's hard

to say. Certainly, we do not claim that this is an equilibrium strategy in the

game-theoreticsense.Furthermore, it is clear that we are ignoring somele-

gitimate tactics, for example bidding falsely in one round in order to e ect

other agers' judgmernts in the following rounds (non-myopic reasoning).How-

ewver, we beliewe that the strategy outlined is a reasonablestarting point for

analysis. Solving for a true game-theoreticequilibrium strategy in this set-
ting seemsextremely di cult. Our assumptionsseemreasonablewhen there
are enoughagerts in the systemsud that extremely complexmeta-reasoning
is not likely to improve upon simply bidding one's true expected value. In

this case,accordingthe the Shapley-Shibik medanism, if the clearing price
is below an ageri's expected value that agent will end up buying (increasing
expectedpro t); otherwise,if the clearing price is above the ager's expected
value, the agert will end up selling (also increasingexpected pro t).

4 Computational prop erties

In this section,we study the computational power of information markets for
a classof aggregationfunctions: Boolean functions of n variables. We char-
acterize the set of Boolean functions that can be computed in our market

10 Risk neutrality implies that ead agert's utilit y for the security is linearly related
to his or her subjective estimation of the expected payo of the security. Myopic
behavior meansthat agens treat ead round as if it were the nal round: They
do not reasonabout how their bids may a ect the bids of other ageris in future
rounds.



model for all prior distributions and then prove upper and lower bounds on
the worst-casecornvergencetime for thesemarkets.

The information structure we assumeis as follows: There are n agerts, and
eat agen i hasasinglebit of private information x;. All the agers alsohave
a common prior probability distribution P : f0;1g" ! [0; 1] over the values
of x. We de ne a Booleanaggregatefunction f (x) : f0;1g" ! fO0; 1g that we
would like the market to compute. Note that x, and hencef (x), is completely
determined by the combination of all the agers' information, but it is not
known to any one agen. The agerts trade in a Boolean security F, which
payso $1if f (x) = 1and $0if f (x) = 0. Soan omniscien agen with access
to all the agerts' bits would know the true value of security F |either exactly
$1 or exactly $0. In reality, risk-neutral agens with limited information will
valueF accordingto their expectation of its payo , or E;[f (x)], whereE; isthe
expectation operator applied accordingto agert i's probability distribution.

For any function f , trading in F may happento convergeto the true value of
f (x) by coincidenceif the prior probability distribution is su ciently degen-
erate. More interestingly, we would like to know for which functions f does
the price of the security F always corvergeto f (x) for all prior probability
distributions P .11 In Section4.2, we prove a necessanand su cien t condition
that guararteescornvergenceln Section4.3, we addressthe natural follow-up
guestion, by deriving upper and lower bounds on the worst-casenumber of
rounds of trading required for the value of f (x) to be revealed.

4.1 Equilibrium price characterization

Our analysisbuilds on a characterization of the equilibrium price of F that
follows from a powerful result on common knowledge of aggregatesdue to
McKelvey and Page[20], later extendedby Nielsenet al. [22].

Information markets aim to aggregatethe knowledgeof all the agerts. Proce-
durally, this occurs becausethe ageris learn from the markets: The price of
the security corveysinformation to ead agen about the knowledgeof other
agers. We can model the ow of information through pricesas follows.

Let = f0;1g9" bethe setof possiblevaluesof x; we say that  denotesthe set
of possible\states of the world." The prior P de nes eweryone'sinitial belief
about the likelihood of eat state. As trading proceeds,somepossiblestates
can be logically ruled out, but the relative likelihoods amongthe remaining
statesarefully determinedby the prior P. Sothe commonknowledgeafter any

1 we assumethat the common prior is consistentwith x in the sensethat it assigns
a non-zeroprobability to the actual value of x.



stageis completely descrited by the set of statesthat an external obsener|
with no information beyond the sequencef pricesobsened|considers possi-
ble (along with the prior). Similarly, the knowledgeof agert i at any point is
also completely described by the set of states she considerspossible.We use
the notation S' to denotethe common-knavledgepossibility set after round
r,and S to denotethe setof statesthat agert i considerspossibleafter round
r.

Initially , the only commonknowledgeis that the input vectorx isin , where
is the set of statesassigneda non-zeroprobability by the prior, generically
all possiblestates. In other words, the set of states consideredpossibleby an
external obsener beforetrading hasoccurredis the setS° = . Howewer, eah
agert i alsoknows the value of her bit x;; thus, her knowledgeset S? is the
setfy 2 jyi = xj0. Agent i's rst-round bid is her conditional expectation
of the evert f (x) = 1 giventhat x 2 SP. All the agens' bids are processed,
and the clearing price p! is announced.An external obsener could predict
ager i's bid if he knew the value of x;. Thus, if he knew the value of x, he
could predict the value of p*. In other words, the external obsener knows the
function pricel(x) that relatesthe rst round price to the true state x. Of
course,he doesnot know the value of x; howewer, he can rule out any vector
x that would haveresultel in a di er ent clearing price from the observd price

p.

Thus, the commonknowledgeafter round 1isthe setS* = fy 2 S9 pricel(y) =
plg. Agert i knowsthe commonknowledgeand, in addition, knows the value
of bit X;. Hence, after every round r, the knowledge of ager i is given by
S = fy 2 S'jy; = x;0. Note that, becauseknowledgecan only improve over
time, we must always have ST S’ *and S" S' L. Thus, only a nite

number of changesin ead agent's knowledgeare possible,and so evertually
we must corvergeto an equilibrium after which no player learnsany further
information. We useS! to denotethe commonknowledgeat this point, and
S! to denoteagert i's knowledgeat this point. Let p! denotethe clearing
price at equilibrium.

Informally, McKelvey and Page[20]show that, if n peoplewith commonpriors
but dierent information about the likelihood of someewent A agreeabout
a \suitable" aggregateof their individual conditional probabilities, then their

individual conditional probabilities of event A's occurring must be identical.

(The precisede nition of \suitable" is described below.) There is a strong
connectionto rational expectation equilibria in markets, which was noted in

the original McKelvey-Page paper: The market price of a security is common
knowledgeat the point of equilibrium. Thus, if the price is a \suitable" aggre-
gate of the conditional expectations of all the ageris, then in equilibrium they
must have identical conditional expectationsof the event that the security will

pay o. (Note that their information may still be di erent.)



De nition 1 (Bergin and Brandenbuger[2]) A functiong:<"! < iscalled
stochastically monotone if it can be written in the form g(x) =  ; gi(Xi),
wheee each function g : <! < is strictly increasing.

Bergin and Branderburger [2] proved that this simple de nition of stochasti-
cally monotonefunctions is equivalert to the original de nition in McKelvey-
Page[20].

De nition 2 (McKelvey and Page [20]) A function g : <" ! < is called
stochastically regular if it can be written in the form g= h g% whee ¢°
is stochastially monotoneand h is invertible on the rangeof ¢°

We can now state the McKelvey-Page result, as generalizedby Nielsen et
al. [22]. In our cortext, the following simple theorem statemen su ces; more
generalversionsof this theorem can be found in [20,22].

Theorem 3 (Nielsen et al. [22]) Supmsethat, at equilibrium, the n agents
havea common prior, but possiblydi er ent information, alout the value of a
randomvariableF, asdescriled above.For all i, letpt = E(Fjx 2 St ). If gis
a stachastially regular function and g(p? ; pb ;:::;pt ) is commonknowedge,
then it must be the casethat

pr=p = =p =EFjx2s")=p

In oneround of our simplied Shapley-Shbik trading model, the announced
price is the meanof the conditional expectationsof the n agers. The meanis a
stochastically regular function; hence, Theorem 3 shaws that, at equilibrium,
all agents have identical conditional expectations of the payo of the secu-
rity. It follows that the equilibrium price p* must be exactly the conditional
expectations of all agens at equilibrium.

Theorem 3 does not in itself say how the equilibrium is readhed. McKelvey
and Page,extendingan argumert dueto Geanaloplosand Polemardakis[11],
show that repeated announcemen of the aggregatewill evertually result in
commonknowledge of the aggregate.ln our cortext, this is achieved by an-
nouncingthe currert price at the end of ead round; this will ultimately con-
vergeto a state in which all agents bid the sameprice p! .

Howewer, reacting an equilibrium price is not su cient for the purposesof
information aggregation.We alsowant the price to reveal the actual value of
f (x). It is possiblethat the equilibrium price p* of the security F will not be
either 0 or 1, and sowe cannot infer the value of f (x) from it.

Example 3: Considertwo ageris 1 and 2 with private input bits x; and X,
respectively. Supposethe prior probability distribution is uniform, i.e., x =

10



(X1; %) takesthe values (0;0);(0;1); (1;0), and (1;1) eat with probability
%1. Now, suppose the aggregatefunction we want to compute is the XOR
function, f(x) = X3 X,. To this end, we design a market to trade in a
Booleansecurity F, which will evertually payo $1i x; x,= 1.

If agent 1 obsenesx; = 1, sheestimatesthe expected value of F to be the
probability that x, = 0 (given x; = 1), which is % If sheobsenesx; = 0,
her expectation of the value of F is the conditional probability that x, = 1,
which is also % Thus, in either case,agert 1 will bid 0:5 for F in the rst

round. Similarly, agent 2 will also always bid 0.5 in the rst round. Hence,
the rst round of trading endswith a clearing price of 0:5. From this, agen

2 can infer that agert 1 bid 0:5, but this gives her no information about
the value of x,|it is still equally likely to be 0 or 1. Agert 1 also gains no
information from the rst round of trading, and henceneither agen changes
her bid in the following rounds. Thus, the market reacesequilibrium at this
point. As predicted by Theorem 3, both ageris have the same conditional
expectation (0:5) at equilibrium. Howeer, the equilibrium price of the security
F doesnot revealthe valueoff (x1; X»), eventhough the combination of ageris'

information is enoughto determineit precisely 2

4.2 Characterizing computableaggegates

We now give a necessaryand su cien t characterizationof the classof functions
f sud that, for any prior distribution on x, the equilibrium price of F will
reveal the true value of f . We show that this is exactly the classof weightel
thresholdfunctions:

De nition 4 A function f : f0;1g" ! f0;1g is a weighted threshold
function i there are real constantswy, Wy, :::;w, suchthat

X
f(x)=1 wixj 1
i=1

Theorem 5 If f is a weighta thresholdfunction, then, for any prior proba-
bility distribution P, the equilibrium price of F is equalto f (x).

Pro of:
Let S! denotethe possibility set of agert i at equilibrium. As before,we use
p! to denotethe nal trading price at this point. Note that, by Theorem 3,

p! is exactly agen i's conditional expectation of the value of f (x), given her
nal possibility setS! .

11



First, obsenethat if p! is0or 1, then we must havef (x) = p! , regardlessof
the form of f . For instance,if pt = 1,this meansthat E(f (y)jy 2 S* ) = 1.As
f () canonly take the valuesO or 1, it follows that P(f (y) = 1jy 2 St ) = 1.
The actual value x is always in the nal possibility setS* , and, furthermore,
it must have non-zeroprior probability, becauset actually occurred. Hence,
it follows that f (x) = 1 in this case.An identical argumert shows that if
pt =0,f(x)=0.

Hence,it is enoughto show that, if f is a weighed threshold function, then p!

is either 0 or 1. We provethis by cortradiction. Let f ( ) beaweighed threshold
function correspnding to weights fw;g, and assumethat 0 < p* < 1. By
Theorem 3, we must have:

P(f(y)=1y2s")=p (1)
8i P(f(y)=1y2S')=p' (2)

Recallthat St = fy 2 St jy; = x;g. Thus, Equation (2) can be written as

8i P(f(y)=1y2S';yi=x)=p" (3)
Now de ne
JF=P(yi=1y2St;f(y)=1)
Ji =P(yi=1y2S';f(y)=0)
X0
\]+ = W|JI+
i=1
X0

i=1

Becauseby assumptionp* 6 0;1, both J" andJ; arewell-de ned (for all i):
Neither is conditioned on a zero-probability evert.

Claim: Egs.1and 3imply that J;" = J, , for all i.
Pro of of claim: We considerthe two casesx; = 1 and x; = 0 separately

Case(i): x; = 1. We canassumethat J, and J;" are not both 0 (or else,the
claim is trivially true). In this case,we have

P(f(y)=1y2s") J
P(f(y)=1y2S!) J"+P(f(y)=0y2s) J
=P(f(y)=1yi= Ly 2 S") (Bayes'law)

12



pt Ji
ptJ"+ (1 p')J
Jr=pt 3t + @ ph)J
) I =3 (asp' 6 1)

=p' (by Egs.1and 3)

Case(ii): xj = 0. When x; = 0, obsene that the argumert of Case(i) canbe
usedto provethat (1 J)= (1 J;). It immediately followsthat J" = J;
aswell. 2

Hence,we must alsohave J™ = J . But usinglinearity of expectation, we can

alsowrite J* as
0 # !
J*=E wy, y2St:f(y)=1 ;

i=1

and, becausd (y) = 1 only Whenp iw;y; 1, this givesusJ™ 1. Similarly,
"0 # !
J =E wyy; y2St;f(y)=0 ;

i=1
andthusJ < 1.This impliesJ 6 J*, which leadsto a cortradiction. 2

Perhapssurprisingly, the corverseof Theorem5 also holds:

Theorem 6 Supmsef :f0;1g" ! fO0;1g cannot be expresse as a weightel
thresholdfunction. Then there existsa prior distribution P for whichthe price
of the security F does not convelgeto the value of f (x).

Pro of: We start from a geometriccharacterization of weighted threshold func-
tions. Considerthe Boolean hypercube f0; 1g" as a set of points in <". It is
well known that f is expressibleas a weighted threshold function i there is
a hyperplanein <" that separatesall the points at which f hasvalue 0 from
all the points at which f hasvalue 1.

Now, considerthe sets

H* = Corv(f (1))

and

H = Comv(f (0));

where Con\(S) denotesthe convex hull of Sin <". H* and H are corvex
setsin <", and so, if they do not intersect,we can nd a separatinghyperlane

13



betweenthem. This meansthat, if f is not expressibleasa weighted threshold
function, H* and H must intersect. In this case,we shav how to construct
a prior P for which f (x) is not computed by the market.

Let x 2 <" be a point in H* \ H . Becausex isin H*, there exists

constrairts are satis ed:

8k zX2 f0;1g"; and f(z*) =1

8k 0< 1
xXn

k=1
k=1
xXn

ZK = x
k=1

8 y 2f0;1g"; and f(y')= 0

8 0< ; 1
XI
=1
j=1
X .
iy = x

j=1

We now de ne our prior distribution P asfollows:

P(z

P(y

Y= £ fork=1,2::;m
2

=L forj=12::11;

)= forj=L2mk

and all other points are assignedprobability 0. It is easyto seethat this is
a valid probability distribution. Under this distribution P, rst obsene that
Pf(x)=1)= % Further, for any i sud that 0< x; < 1, we have

Pf(x)=17rx;=1)
P(Xi = 1)

P(f(x) = 1x = 1)=

|
NE

14



NI =

and

P(f (x) = 1jx; = 0)= P(f(x)= 17 x; = 0)

P(Xi = O)
1 %)
- 2
T x)

For indicesi sud that x; is O or 1 exactly, i's private information reveals
no additional information under prior P, and so heretoo we have P (f (x) =
1jxi = 0) = P(f (x) = 1jx; = 1) = 3.

Hence regardlessof her private bit x;, eat agen i will bid 0:5 for security F in
the rst round. The clearingprice of 0:5 alsorevealsno additional information,
and sothis is an equilibrium with pricep! = 0:5that doesnot revealthe value
of f (x). 2

The XOR function is oneexampleof a function that cannot be expresseds
weighted thresholdfunction; Example 3illustrates Theorem®6 for this function.

4.3 Convegene time bounds

We have shawvn that the classof Booleanfunctions computablein our model is
the classof weighted threshold functions. The next natural questionto askis:
How many rounds of trading are necessarypeforethe equilibrium is readed?
We analyzethis problem using the samesimpli ed Shapley-Shibik model of
market clearingin ead round. We rst prove that, in the worst case,at most
n rounds are required.

The idea of the proof is to considerthe sequenceof commonknowledgesets
= S% St :::, and show that, until the market readesequilibrium, ead set
hasa strictly lower dimensionthan the previousset.

De nition 7 ForasetS f0;1g", thedimension of setS is the dimension
of the smalesta ne subspce of <" that contains all the points in S; we use
the notation dim(S) to denoteit.

Lemma 1 If S" 6 S" 1, thendim(S") < dim(S" 1).

Pro of: Let k = dim(S" 1). Considerthe bids in round r. In our model, ager
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i will bid her current expectation for the value of F,

b =EFf(y)=1y2S" Yy =x):

Thus, depending on the value of x;, 4 will take on one of two valueshi(o) or
h® . Note that h® and h{") depend only on the set S' %, which is common
knowledgebeforeround r. Settingd; = h™® h®, we canwrite if = h@ + d;x; .

It follows that the clearing price in round r is given by

X
pr= = (h? + dixi) (4)

i=1

All the agerts already know all the hi(o) and d; values,and they obsene the
price p’ at the end of the rth round. Thus, they e ectively have a linear

out any possibility that would not have resulted in price p". In other words,
after r rounds, the commonknowledgeset S' is the intersectionof S' ! with
the hyperplanede ned by Equation (4).

It follows that S' is cortained in the intersection of this hyperplane with
the k-dimensionlinear spacecortaining S . If S" is not equalto S" 1, this
intersection de nes a linear subspaceof dimension(k 1) that corntains S',
and henceS'" hasdimensionat most (k  1). 2

Theorem 8 Letf be a weighta thresholdfunction, and let P be an arbitrary
prior prokability distribution. Then, after at most n rounds of trading, the
price reachesits equilibrium valuep! = f (x).

Pro of: Considerthe sequenceof commonknowledgesetsS%; St;:::, and let
r be the minimum index sud that S" = S" 1. Then, the rth round of trading
doesnot improve any agent's knowledge,and thus we must have St = S" 1
and pt = p' 1 Observingthat dim(S° = n, and applying Lemma 1 to the
rst r 1 rounds, we must have (r 1) n. Thus, the price reades its
equilibrium value within n rounds. 2

Theorem8 providesan upper bound of O(n) on the number of roundsrequired
for corvergence We now show that this bound is tight to within a factor of 2
by constructing a threshold function with 2n inputs and a prior distribution
for which it takesn roundsto determinethe value of f (x) in the worst case.

The functions we use are the carry-bit functions. The function G, takes 2n
inputs; for cornvenience,we write the inputs asxq; X, :::;Xn;Y1;Y2;:::;Yn OF
as a pair (x;y). The function value is the value of the high-order carry bit
whenthe binary numbersx,x, 1 X;andy,y, 1 Y: are addedtogether.
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In weighted threshold form, this can be written as

XX+
2
=1 2n+ |

Gxy)=1 i

For this proof, let uscall the agernis Ay, Ay, :::;An, By, By, 10 By, whereA;
holdsinput bit x;, and B; holdsinput bit v;.

We rst illustrate our technique by proving that computing G, requires 2
rounds in the worst case.To do this, we construct a common prior P, as
follows:

The pair (x1;y:1) takes on the values (0;0), (0;1), (1;0), (1;1) uniformly
(i.e., with probability ; ead).

We extend this to a distribution on (X1; X»; Y1;Y2) by specifying the condi-
tional distribution of (X;Yy,) given (X1;y1): If (X1;y1) = (1;1), then (Xz;Y2)
takesthe values (0;0), (0; 1), (1;0), (1;1) with probabilities 3, %, %, £ re-
spectively. Otherwise,(X»; y») takesthe values(0; 0), (0; 1), (1; 0), (1; 1) with
probabilities %; 2; £; 1 respectively.

Now, supposex; turns out to be 1, and consideragen A;'s bid in the rst
round. It is given by

b, = P(G(X1; X2; Y1; ¥2) = 1jxq = 1)
=P(y1= 1x1=1) P((X2:¥2) & (0;0)jx1 = 1;y; = 1)
+P(y1= 0jx1 = 1) P((X2;¥2) = (1;1)jx1 = 1;y1 = 0)

NI FRNI -
N
N
N

On the other hand, if x; turns out to be 0, agert A;'s bid would be given by

bh, = P(G(X1;X2; Y15 ¥2) = 1jxq = 0)
P((X2;¥2) = (1;1)jx1 = 0)
1

2

Thus, irrespective of her bit, A; will bid 0:5in the rst round. Note that the
function and distribution are symmetric betweenx and y, and so the same
argumen shows that B; will alsobid 0:5 in the rst round. Thus, the price
p! announcedat the end of the rst round revealsno information about x; or

17



y1. The reasonthis occursis that, under this distribution, the secondcarry
bit G is statistically independen of the rst carry bit (x; ” y;); we will use
this trick againin the generalconstruction.

Now, supposethat (X»;V,) is either (0;1) or (1;0). Then, evenif x, andy, are
completely revealed by the rst-round price, the value of G(X1;X5;Y1;Y2) IS
not revealed:It will be1if x; = y; = 1 and 0 otherwise.Thus, we have shovn
that at least 2 rounds of trading will be requiredto reveal the function value
in this case.

We now extend this construction to shov by induction that the function G,
takesn roundsto read an equilibrium in the worst case.

Theorem 9 There is a function G, with 2n inputs and a prior distribution
P, suchthat, in the worst case,the market takesn roundsto revel the value

of G().

Pro of: We prove the theoremby induction on n. The basecasefor n = 2 has
already beenshown to be true. Starting from the distribution P, descrited

extend the distribution P, ; on (x ";y ") to a distribution P, on (X;y)
by specifying the conditional distribution of (Xn;yn) given (x ";y "): If
G 1(x ";y M) = 1,then (Xn;Yyn) takesthe values(0; 0), (0; 1), (1;0), (1;1)
with probabilities ; 1; %; £ respectively. Otherwise, (x,;yn) takesthe values
(0;0), (0;1), (1;0), (1;1) with probabilities §; £; £; 1 respectively.

Claim: Under distribution P,, for all i < n,

P(G(xy) = 1Ixi = 1) = P(G(x;y) = 1jx; = O):

Pro of of claim: A similar calculation to that usedfor G, above shows that
the value of G,(x;y) under this distribution is statistically independen of
G 1(x My M. Fori < n, x; canaect the value of G, only through G, ;.
Also, by contruction of P, given the value of G, 1, the distribution of G, is
independen of x;. It followsthat G,(x;y) is statistically independen of x; as
well. Of course,a similar result holds for y; by symmetry.

Thus,in the rst round, foralli = 1;2;:::;n 1, the bids of ageris A; and B;
do not reveal anything about their private information. Thus, the rst-round
price doesnot reveal any information about the valueof (x ";y ").

On the other hand, agens A,, and B,, do have di erent expectations of G, (x)
depending on whether their input bit is a 0 or a 1; thus, the rst-round price
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doesreveal whether neither, one, or both of x, andy, are 1. Now, considera
situation in which (x,;y,) takeson the value (1; 0) or (0; 1). We show that, in
this case,after oneround we are left with the residual problem of computing
the valueof G, 1(x ";y ") underthe prior P, ;.

Clearly, whenx, +y, = 1, G(x;y) = G 1«(x ";y "). Further, accordingto
the construction of P,,, the evert (x,, + y, = 1) hasthe sameprobability (1=3)
for all valuesof (x ";y "). Thus, conditioning on this fact doesnot alter the
probability distribution over (x ";y "); it must still be P, ;.

Finally, the inductive assumptiontells us that solving this residual problem
will take at leastn 1 more roundsin the worst caseand hencethat nding
the value of G,(x;y) takesat leastn roundsin the worst case. 2

5 Discussion

Our results have beenderived in a simpli ed model of an information market.
In this section, we discussthe applicability of theseresults to more general
trading models.

Assumingthat agerts bid truthfully , Theorem5 holdsin any model in which
the price is a known stochastically monotoneaggregateof agens' bids. While
it seemsreasonablethat the market price satis es monotonicity properties,
the exact form of the aggregatefunction may not be known if the volume of
eadt user'stradesis not obsenable;this dependson the details of the market
process.Theorem6 and Theorem9 hold more generally;they only require that
an agert's strategy dependsonly on her conditional expectation of the secu-
rity's value. Perhapsthe most fragile result is Theorem 8, which relieson the
linear form of the Shapley-Shibik clearingprice (in addition to the conditions
for Theorem 5); howewer, it seemsplausible that a similar dimension-based
bound will hold for other families of non-linear clearing prices.

Up to this point, we have descrited the model with the samenumber of ageris
asbits of information. However, all the resultshold evenif there is competition
in the form of a known number of agens who know ead bit of information.
Indeed, modeling such competition may help alleviate the strategic problems
in our currernt model.

Another interesting approad to addressingthe strategic issueis to consider
alternative markets that are at least myopically incertive compatible. One
exampleis a market medanism called a market saring rule, suggestedby
Hanson[13]. Thesemarkets have the property that a risk-neutral agert's best
myopic strategy is to truthfully bid her current expected value of the secu-
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rity. Additionally, the number of securitiesinvolved in ead trade is xed and
publicly known. If the market structure is sud that, for example,the current
scoring rule is posted publicly after eat agent's trade, then in equilibrium
there is commonknowledgeof all agers' expectation, and henceTheorem 5
holds. Theorem6 alsoappliesin this caseand hencewe have the samecharac-
terization for the setof computable Booleanfunctions. This suggestghat the
problem of eliciting truthful responsesmay be orthogonal to the problem of
computing the desiredaggregate reminiscen of the revelation principle [19].

In this paper, we have restricted our attention to oneclassof aggregationfunc-
tions: Boolean functions of Booleaninputs. The proofs of Theorems6 and 9
also hold if we considerBoolean functions of real inputs, where ead agert's
private information is a real number. Further, Theorem5 also holds provided
the market reachesequilibrium. With real inputs and arbitrary prior distribu-
tions, howewer, it is not clear that the market will read an equilibrium in a
nite number of steps.

6 Conclusion

6.1 Summary

We have framed the processof information aggregationin markets asa com-
putation on distributed information. We have deweloped a simpli ed model
of an information market that we believe capturesmany of the important as-
pects of real agert interaction in an information market. Within this model,
we prove se\eral results characterizing precisely what the market can com-
pute and how quickly. Speci cally, we showv that the market is guararteed
to corvergeto the true rational expectations equilibrium if and only if the
security payo function is a weighted threshold function. We prove that the
processwherely agens reveal their information over time and learn from the
resulting announcedpricestakesat most n roundsto corvergeto the correct
full-information price in the worst case.We shav that this bound is tight
within a factor of two.
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6.2 Future work

Someinteresting and important next stepsinclude gaining a better under-
standing of the following:

The e ect of price accuracy and precision: We have assumedhat the clear-
ing price is known with unlimited precision;in practice, this will not be
true. Further, we have neglectedin uences on the market price other than
from rational traders; the market price may alsobe in uenced by other fac-
tors sud as misinformed or irrational traders. It is interesting to ask what
aggregatesan be computedeven in the presenceof noisy prices.
Incrementalupdates If the agens have computedthe value of the function
and a small number of input bits are switched, can the new value of the
function be computedincremenally and quickly?

Distributed computation: In our model, distributed information is aggre-
gated through a certralized market computation. In a sense,someof the
computation itself is distributed amongthe participating agerts, but can
the market computation also be distributed? For example,can we nd a
good distributed-computational model of a decenralized market?

Agents' computation: We have not accouned for the complexity of the com-
putations that agens must do to accurately update their beliefsafter eah
round.

Strategic market models For reasonsof simplicity and tractabilit y, we have
directly assumedthat ageris bid truthfully . A more satisfying approadh
would be to assumeonly rationality and solwe for the resulting game-
theoretic solution strategy, either in our current computational model or
another model of an information market.

The common-prior assumption Can we say anything about the market be-
havior when agens' priors are only appraximately the sameor when they
di er greatly?

Average-@se analysis Our negative results (Theorems6 and 9) examine
worst-casescenariosand thus involve very speci ¢ prior probability distri-
butions and initial information states. It is interesting to ask whether we
would get very di erent results for genericprior distributions or expected
information states.

Information market design Non-thresholdfunctions canbeimplemerted by
layering two or more threshold functions together. What is the minimum
number of threshold securitiesrequiredto implemert a given function? This
is exactly the problem of minimizing the size of a neural network, a well-
studied problem known to be NP-hard [16]. What con guration of securi-
ties can best approximate a given function? Are there ways to de ne and
con gure securitiesto speed up corvergenceto equilibrium? What is the
relationship between madine learning (e.g, neural-netvork learning) and
information-market design?
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