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ABSTRACT
We develop a framework for trading in compound securities :
�nancial instruments that pay o� contingent on the out-
comesof arbitrary statements in propositional logic. Buying
or selling securities|whic h can be thought of as betting on
or against a particular future outcome|allo ws agents both
to hedge risk and to pro�t (in expectation) on subjectiv e
predictions. A compound securities market allows agents
to place bets on arbitrary boolean combinations of events,
enabling them to more closely achieve their optimal risk ex-
posure, and enabling the market as a whole to more closely
achieve the social optim um. The tradeo� for allowing such
expressivity is in the complexity of the agents' and auction-
eer's optimization problems.

We develop and motiv ate the concept of a compound se-
curities market, presenting the framework through a series
of formal de�nitions and examples. We then analyze in de-
tail the auctioneer's matching problem. We show that, with
n events, the matching problem is co-NP-complete in the
divisible caseand � p

2 -complete in the indivisible case. We
show that the latter hardnessresult holds even under severe
language restrictions on bids. With log n events, the prob-
lem is polynomial in the divisible caseand NP-complete in
the indivisible case. We brie
y discussmatching algorithms
and tractable special cases.
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1. INTRODUCTION
Securities markets e�ectiv ely allow traders to place bets

on the outcomesof uncertain future propositions. Examples
include stock markets lik e NASDAQ, options markets lik e
CBOE [17], futures markets lik e CME [30], other derivativ es
markets, insurance markets, political stock markets [11, 12],
sports betting markets [7, 13, 32], horse racing markets [33],
idea futures markets [16], decision markets [14] and even
market games [4, 24, 25]. The economic value of securities
markets is two-fold. First, they allow traders to hedge risk,
or to insure against undesirable outcomes. For example, the
owner of a stock might buy a put option (the right to sell
the stock at a particular price) in order to insure against
a stock downturn. Or the owner of a house may purchase
an insurance contract to hedge against unforeseendamage
to the house. Second, securities markets allow traders to
speculate, or to obtain a subjectiv e expected pro�t when
market prices do not re
ect their assessment of the lik eli-
hood of future outcomes. For example, a trader might buy
a call option if he believes that the lik elihood is high that
the price of the underlying stock will go up, regardless of
risk exposure to changesin the stock price. Becausetraders
stand to earn a pro�t if they can make e�ectiv e probabil-
it y assessments, often prices in �nancial markets yield very
accurate aggregateforecastsof future events [10, 29, 27, 28].

Real securities markets have complex payo� structures
with various triggers. However, these can all be modeled
as collections of more basic or atomic Arrow-Debreu securi-
ties [1, 8, 20]. One unit of one Arro w-Debreu security pays
o� onedollar if and only if (i� ) a corresponding binary event
occurs; it pays nothing if the event does not occur. So, for
example, one unit of a security denoted hAcme100i might
pay $1 i� Acme's stock is above $100 on January 4, 2004.
An Acme stock option as it would be de�ned on a �nan-



cial exchange can be though of as a portfolio of such atomic
securities.1

In this paper, we develop and analyze a framework for
trading in compound securities markets with payo�s contin-
gent on arbitrary logical combinations of events, including
conditionals. For example, given binary events A, B , and
C, one trader might bid to buy three units of a security de-
noted hA ^ �B _ Ci that pays o� $1 i� the compound event
A ^ �B _ C occurs for thirt y cents each. Another trader may
bid to sell six units of a security hAjCi that pays o� $1 i�
A occurs for �ft y-�v e cents each, conditional on event C oc-
curring, meaning that the transaction is revoked if C does
not occur (i.e., no payo� is given and the price of the se-
curit y is refunded) [5]. Bids may also be divisible, meaning
that bidders are willing to accept less than the requested
quantit y, or indivisible , meaning that bids must be ful�lled
either completely or not at all. Given a set of such bids,
the auctioneer facesa complex matching problem to decide
which bids are accepted for how many units at what price.
Typically , the auctioneer seeksto take on no risk of its own,
only matching up agreeable trades among the bidders, but
we also consider alternativ e formulations where the auction-
eer acts as a market maker willing to accept somerisk.

We examine the computational complexity of the auction-
eer's matching problem. Let the length of the description
of all the available securities be O(n). With n events, the
matching problem is co-NP-complete in the divisible case
and � p

2 -complete in the indivisible case. This � p
2 -complete

hardness holds even when the bidding language is signi�-
cantly restricted. With log n events, the problem is polyno-
mial in the divisible caseand NP-complete in the indivisible
case.

Section 2 presents some necessarybackground informa-
tion, motiv ation, and related work. Section 3 formally de-
scribes our framework for compound securities, and de�nes
the auctioneer's matching problem. Section 4 brie
y dis-
cussesnatural algorithms for solving the matching problem.
Section 5 proves our central computational complexity re-
sults. Section 6 discussesthe possibility of tractable special
cases.Section 7 concludes with a summary and some ideas
of future directions.

2. PRELIMIN ARIES

2.1 Background and notation
Imagine a world where there are only two future uncertain

events of any consequence:(1) the event that one's houseis
struck by lightning by December 31, 2003, denoted struck,
and (2) the event that Acme's stock price goes above $100
by January 4, 2004, denoted acme100. In this simple world
there are four possible future states|all possible combina-
tions of the binary events' outcomes:

struck ^ acme100;

struck ^ acme100;

struck ^ acme100;

struck ^ acme100:

Hedging risk can be thought of asan action of moving money
between various possible future states. For example, insur-
1Technically, an option is a portfolio of in�nitely many
atomic securities, though it can be approximately modeled
with a �nite number.

ing one's house transfers money from future states where
struck is not true to states where it is. Selling a security
denoted hacme100i |that pays o� $1 i� the event acme100
occurs|transfers money from future states where Acme's
price is above $100 on January 4 to states where it's not.
Speculating is also an act of transferring money between
future states, though usually associated with maximizing
expected return rather than reducing risk. For example,
betting on a football team moves money from the \team
loses" state to the \team wins" state. In practice, agents
engagein a mixture of hedging and speculating, and there
is no clear dividing line between the two [18].

All possible future outcomes form a state space 
, con-
sisting of mutually exclusive and exhaustive states ! 2 
.
Often a more natural way to think of possible future out-
comesis as an event space A of linearly independent events
A 2 A that may overlap arbitrarily . So in our toy example
struck ^ acme100 is one of the four disjoint states, while
struck is one of the two events. Note that a set of n lin-
early independent events de�nes a state space
 of size 2n

consisting of all possible combinations of event outcomes.
Conversely, any state space
 can be factored into dlog j
 je
events.

Supposethat A exhaustively covers all meaningful future
outcomes (i.e., covers all eventualities that agents may wish
to hedge against and/or speculate upon). Then the exis-
tence of 2n linearly independent securities|called a com-
plete market|allo ws agents to distribute their wealth arbi-
trarily acrossfuture states.2 An agent may create any hedge
or speculation it desires. Under classical conditions, agents
trading in a complete market form an equilibrium where risk
is allocated Pareto optimally . If the market is incomplete,
meaning it consists of fewer than 2n linearly independent
securities, then in general agents cannot construct arbitrary
hedgesand equilibrium allocations may be nonoptimal [1,
8, 19, 20].

In real-world settings, the number of meaningful events n
is large and thus the number of securities required for com-
pletenessis intractable. No truly complete market exists or
will ever exist. One motiv ation behind compound securities
markets is to provide a mechanism that supports the most
transfer of risk using the least number of transactions possi-
ble. Compound securities allow a high degreeof expressivity
in constructing bids. The tradeo� for increasedexpressivity
is increased computational complexity, from both the bid-
der's and auctioneer's point of view.

2.2 Relatedwork
The quest to reduce the number of �nancial instruments

required to support an optimal allocation of risk dates to
Arro w's original work [1]. The requirement stated above of
\only" 2n linearly-indep endent securities is itself a reduction
from the most straightforw ard formulation. In an economy
with k standard goods, the most straightforw ard complete
market contains k � 2n securities, each paying o� in one good
under one state realization. Arro w [1] showed that a market
where securities and goods are essentially separated, with
2n securities paying o� in a single numeraire good plus k
spot markets in the standard goods, is also complete. For
our purp oses,we need consider only the securities market.

2By linearly independent securities, we mean that the vec-
tors of payo�s in all future states of these securities are lin-
early independent.



Varian [34] shows that a complete market can be con-
structed using fewer than 2n securities, replacing the miss-
ing securities with options. Still, the number of linearly in-
dependent �nancial instruments|securities plus options|
must be 2n to guarantee completeness.

Though the requirement of 2n �nancial instruments can-
not be relaxed if one wants to guarantee completeness in
all circumstances, Pennock and Wellman [26] explore condi-
tions under which a smaller securities market may be opera-
tional ly complete, meaning that its equilibrium is Pareto op-
timal with respect to the agents involved, even if the market
contains less than 2n securities. The authors show that in
some casesthe market can be structured and \compacted"
in analogy to Bayesiannetwork representations of joint prob-
abilit y distributions [23]. They show that, if all agents'
risk-neutral independenciesagree with the independencies
encoded in the market structure, then the market is opera-
tionally complete. For collections of agents all with constant
absolute risk aversion, agreement on Mark ov independencies
is su�cien t.

Bossaerts, Fine, and Ledyard [2] develop a mechanism
they call combined-value trading (CVT) that allows traders
to order an arbitrary portfolio of securities in one bid, rather
than breaking up the order into a sequenceof bids on indi-
vidual securities. If the portfolio order is accepted, all of
the implied trades on individual securities are executed si-
multaneously, thus eliminating so-called execution risk that
prices will change in the middle of a planned sequenceof or-
ders. The authors conduct laboratory experiments showing
that, even in thin markets where ordinary sequential trad-
ing breaks down, CVT supports e�cien t pricing and allo-
cation. Note that CVT di�ers signi�can tly from compound
securities trading. CVT allows instantaneous trading of any
linear combination of securities, while compound securities
allow more expressive securities that can encode nonlinear
boolean combinations of events. For example, CVT may al-
low an agent to order securities hAi and hB i in a bundle that
pays o� asa linear combination of A and B ,3 but CVT won't
allow the construction of a compound security hA ^ B i that
pays o� $1 i� both A and B occur, or a compound security
hAjB i .

Related to CVT are combinatorial auctions [6, 21] and ex-
changes [31], mechanisms that have recently received quite
a bit of attention in the economicsand computer sciencelit-
eratures. Combinatorial auctions allow bidders to place dis-
tinct valueson all possiblebundles of goods rather than just
on individual goods. In this way bidders can expresssubsti-
tutabilit y and complementarit y relationships among goods
that cannot be expressedin standard parallel or sequential
auctions. Compound securities di�er from combinatorial
auctions in concept and complexity. Compound securities
allow bidders to construct an arbitrary bet on any of the 22n

possiblecompound events expressibleas logical functions of
the n baseevents, conditional on any other of the 22n

com-
pound events. Agents optimize based on their own subjec-
tiv e probabilities and risk attitude (and in general, their be-
liefs about other agents' beliefs and utilities, ad in�nitum).
The central auctioneer problem is identifying arbitrage op-
portunities: that is, to match bets together without taking
on any risk. Combinatorial auctions, on the other hand, al-
low bids on any of the 2n bundles of n goods. Typically ,

3Speci�cally , one unit of each pays o� $2 i� both A and B
occur, $1 i� A or B occurs (but not both), and $0 otherwise.

uncertainty|and thus risk|is not considered. The central
auctioneer problem is to maximize social welfare. Also note
that the problems lie in di�eren t complexity classes.While
clearing a combinatorial auction is polynomial in the divis-
ible caseand NP-complete in the indivisible case,matching
in a compound securities market is NP-complete in the di-
visible caseand � p

2 -complete in the indivisible case. In fact,
even the problem of deciding whether two bids on compound
securities match, even in the divisible case, is NP-complete
(seeSection 5.2).

There is a sensein which it is possible to translate our
matching problem for compound securities into an analo-
gousproblem for clearing two-sided combinatorial exchanges
[31] of exponential size. Speci�cally , if we regard payo� in a
particular state as a good, then compound securities can be
viewed as bundles of (fractional quantities of) such goods.
The material balance constraint facing the combinatorial
auctioneer corresponds to a restriction that the compound-
security auctioneer be disallowed from assuming any risk.
Note that this translation is not at all useful for addressing
the compound-security matching problem, as the resulting
combinatorial exchangehasan exponential number of goods.

Hanson [15] developsa market mechanism called a market
scoring rule that is especially well suited for allowing bets
on a combinatorial number of outcomes. The mechanism
maintains a joint probabilit y distribution over all 2n states,
either explicitly or implicitly using a Bayesian network or
other compact representation. At any time any trader who
believes the probabilities are wrong can change any part
of the distribution by accepting a lottery ticket that pays
o� according to a scoring rule (e.g., the logarithmic scor-
ing rule) [35], as long as that trader also agreesto pay o�
the most recent person to change the distribution. In the
limit of a single trader, the mechanism behaves lik e a scor-
ing rule, suitable for polling a single agent for its probabil-
it y distribution. In the limit of many traders, it produces a
combined estimate. Since the market essentially always has
a complete set of posted prices for all possible outcomes,
the mechanism avoids the problem of thin markets, or illiq-
uidit y, that necessarily plagues any market containing an
exponential number of alternativ e investments. The mecha-
nism requires a patron to pay o� the �nal person to change
the distribution, though the patron's payment is bounded.
Though Hanson o�ers someinitial suggestions,several open
problems remain, including e�cien t methods for represent-
ing and updating the joint distribution and recording traders
positions and portfolios, without resorting to exponential
time and spacealgorithms.

Fagin, Halpern, and Megiddo [9] give a sound and com-
plete axiomatization for deciding whether sets of probabilis-
tic inequalities are consistent. Bids for compound securities
can be thought of as expressionsof probabilistic inequali-
ties: for example, a bid to buy hA ^ B i at price 0:3 is a
statement that the probabilit y of A ^ B is greater than 0:3.
If a set of single-unit bids correspond to a set of inconsistent
probabilistic inequalities, then there is a match. However,
becausethey are interested in a much di�eren t framework,
Fagin et al. do not consider several complicating factors spe-
ci�c to the securities market framework: namely, handling
multi-unit or fractional bid quantities, identifying matches,
choosing among multiple matches, and optimizing basedon
probabilities and risk attitudes. We addressthese issuesbe-
low.



3. FRAMEW ORK FOR TRADING IN COM­
POUND SECURITIES

3.1 High­level description
Common knowledge among agents is the set of events A .

There are no prede�ned securities. Instead, agents o�er to
buy or sell securities of their own design that pay o� contin-
gent on logical combinations of events and event negations.
Combination operators may include conjunctions, disjunc-
tions, and conditionals.

For all practical purp oses, it is impossible for agents to
trade in enough securities (2n ) to form a complete market,
so agents must devise their best tradeo� between the num-
ber and complexity of their bids, and the extent to which
their risks are hedged and desirable bets are placed. In its
most general form, the problem is game-theoretic in nature,
sincewhat an agent should o�er dependson what it believes
other agents will accept. At the other end of the spectrum, a
simpli�ed version of the problem is to optimize bids only on
currently available securities at current prices. In between
these two formulations are other possible interesting opti-
mization problems. Appro ximation algorithms might also
be pursued.

The auctioneer facesa nontrivial problem of matching buy
and sell orders to maximize surplus (the cash and securities
left over after acceptedbids are ful�lled). For example, o�ers
to sell hA 1A2 i at $0.2 and hA 1 �A2 i at $0.1 can match with an
o�er to buy hA 1 i at $0.4, with surplus $0.1. Or an o�er to
sell hA1 i at $0.3 can match with an o�er to buy hA 1A2 i at
$0.4, with surplus $0.1 in cash and hA 1 �A2 i in securities. In
general, a single security might qualify for multiple matches,
but only one can be transacted. So the auctioneer must �nd
the optimal set of matches that maximizes surplus, which
could be measuredin a number of ways. Again, approxima-
tion algorithms might be considered. In another formula-
tion, the auctioneer functions as a market maker willing to
take on a certain amount of risk.

Informally , our motiv ation is to provide a mechanism that
allows a very high degree of expressivity in placing hedges
and bets, and is also capable of approximating the optimal
(complete-market) allocation of risk, trading o� the number
and complexity of securities and transactions needed.

3.2 Formal description

3.2.1 Securities
We use � and  to denote arbitrary boolean formulas, or

logical combinations of events in A . We denote securities
h� j i . Securities pay o� $1 if and only if (i� ) � and  are
true, pay o� $0 i� � is false and  is true, and are canceled
(i.e., any price paid is refunded) i�  is false. We de�ne
T � 
 to be the event \true" and F � ; to be the event
\false". We abbreviate h� jT i as h� i .

3.2.2 Orders
Agents place orders, denoted o, of the form \ q units of

h� j i at price p per unit", where q > 0 implies a buy
order and q < 0 implies a sell order. We assume agents
submitting buy (sell) orders will accept any price p� � p
(p� � p). We distinguish between divisible and indivisible
orders. Agents submitting divisible orders will accept any
quantit y �q where 0 < � � 1. Agents submitting indivis-
ible orders will accept only exactly q units, or none at all.

We believe that, given the nature of what is being traded
(state-contingent dollars), most agents will be content to
trade using divisible orders.

Every order o can be translated into a payo� vector �
across all states ! 2 
. The payo� � h! i in state ! is q �
1! 2  (1! 2 � � p), where 1! 2 E equals 1 i� ! 2 E and zero
otherwise. Recall that the 2n states correspond to the 2n

possiblecombinations of event outcomes. We index multiple
orders with subscripts (e.g., oi and � i ). Let the set of all
orders be O and the set of all corresponding payo� vectors
be P .

Example 1. (T ranslating orders into payo� vectors) Sup-
pose that jAj = 3. Consider an order to buy two units of
hA2 _ A3 jA1 i at price $0.8. The corresponding payo� vector
is:

� = h� hA 1 A 2 A 3 i ; � hA 1 A 2 �A 3 i ; � hA 1 �A 2 A 3 i ; : : : ; � h �A 1 �A 2 �A 3 i i

= 2 � h0:2; 0:2; 0:2; � 0:8; 0; 0; 0; 0i

2

3.2.3 Thematchingproblem
The auctioneer's task, called the matching problem, is to

determine which orders to accept among all orders o 2 O.
Let � i be the fraction of order oi acceptedby the auctioneer
(in the indivisible case, � i must be either 0 or 1; in the
divisible case, � i can range from 0 to 1). If � i = 0, then
order oi is consideredrejected and no transactions take place
concerning this order. For accepted orders (� i > 0), the
auctioneer receives the money lost by bidders and pays out
the money won by bidders, so the auctioneer's payo� vector
is:

� auc =
X

� i 2P

� � i � i :

We alsocall the auctioneer's payo� vector the surplus vector,
since it is the (possibly state-contingent) money left over
after all accepted orders are �lled.

Assumethat the auctioneer wants to choosea set of orders
so that it is guaranteed not to lose any money in any future
state, but that the auctioneer does not necessarily insist on
obtaining a positive bene�t from the transaction (i.e., the
auctioneer is content to break even).

Definition 1. (Matching problem, indivisible case) Given
a set of orders O, does there exist � i 2 f 0; 1g with at least
one � i = 1 such that

8! ; � h! i
auc � 0?

In other words, does there exist a nonempty subsetof orders
that the auctioneer can accept without risk? 2

If 8! ; � h! i
auc = c where c is nonnegative, then the surplus

leftover after processing this match is c dollars. Let m =
min ! [� h! i

auc ]. In general, processinga match leavesm dollars
in cash and � h! i

auc � m in state-contingent dollars, which can
then be translated into securities.

Example 2. (Indivisible order matching) Suppose jAj =
2. Consider an order to buy one unit of hA 1A2 i at price
0.4 and an order to sell one unit of hA 1 i at price 0.3. The



corresponding payo� vectors are:

� 1 = h� hA 1 A 2 i
1 ;� hA 1 �A 2 i

1 ;� h �A 1 A 2 i
1 ;� h �A 1 �A 2 i

1 i
= h 0:6; � 0:4; � 0:4; � 0:4i

� 2 = h � 0:7; � 0:7; 0:3; 0:3i

The auctioneer's payo� vector (the negative of the component-
wise sum of the above two vectors) is:

� auc = � � 1 � � 2 = h0:1; 1:1; 0:1; 0:1i :

Since all components are nonnegative, the two orders match.
The auctioneer can processboth orders, leaving a surplus of
$0.1 in cash and one unit of hA 1 �A2 i in securities. 2

Now consider the divisible case,where order can be par-
tially �lled.

Definition 2. (Matching problem, divisible case) Given
a set of orders O, does there exist � i 2 [0; 1] with at least
one � i > 0 such that

8! ; � h! i
auc � 0;

2

Example 3. (Divisible order matching) SupposejAj = 2.
Consider an order to sell one unit of hA 1 i at price $0.5, an
order to buy one unit of hA 1A2 jA1 _ A2 i at price $0.5, and
an order to buy one unit of hA 1 j �A2 i at price $0.4. The
corresponding payo� vectors are:

� 1 = h� hA 1 A 2 i
1 ;� hA 1 �A 2 i

1 ;� h �A 1 A 2 i
1 ;� h �A 1 �A 2 i

1 i
= h � 0:5; � 0:5; 0:5; 0:5i

� 2 = h 0:5; � 0:5; � 0:5; 0i
� 3 = h 0; 0:6; 0; � 0:4i

It is clear by inspection that no non-empty subset of whole
orders constitutes a match: in all cases where � i 2 f 0; 1g
(other than all � i = 0), at least one state sums to a positive
amount (negative for the auctioneer). However, if � 1 =
� 2 = 3=5 and � 3 = 1, then the auctioneer's payo� vector is:

� auc = �
3
5

� 1 �
3
5

� 2 � � 3 = h0; 0; 0; 0:1i ;

constituting a match. The auctioneer can process3/5 of the
�rst and second orders, and all of the thir d order, leaving a
surplus of 0.1 units of h �A1 �A2 i . In this example, a divisible
match exists eventhough an indivisible match is not possible;
we examine the distinction in detail in Section 5, where we
separate the two matching problems into distinct complexity
classes. 2

The matching problems de�ned above are decision prob-
lems: the task is only to show the existenceor nonexistence
of a match. However, there may be multiple matches from
which the auctioneer can choose. Sometimesthe choicesare
equivalent from the auctioneer's perspective; alternativ ely,
an objectiv e function can be used to �nd an optimal match
according to that objectiv e.

Example 4. (A uctioneer alternatives I) Suppose jAj =
2. Consider an order to sell one unit of hA 1 i at price $0.7,
an order to sell one unit of hA 2 i at price $0.7, an order to
buy one unit of hA 1A2 i at price $0.4, an order to buy one
unit of hA 1 �A2 i at price $0.4, and an order to buy one unit

of h �A1A2 i at price $0.4. The corresponding payo� vectors
are:

� 1 = h� 0:3;� 0:3; 0:7; 0:7i
� 2 = h� 0:3; 0:7;� 0:3; 0:7i
� 3 = h 0:6;� 0:4;� 0:4;� 0:4i
� 4 = h� 0:4; 0:6;� 0:4;� 0:4i
� 5 = h� 0:4;� 0:4; 0:6;� 0:4i

Consider the indivisible case. The auctioneer could choose
to accept bids 1, 3, and 4 together, or the auctioneer could
choose to accept bids 2, 3, and 5 together. Both constitute
matches, and in fact both yield identical payo�s (� auc =
h0:1; 0:1; 0:1; 0:1i , or $0.1 in cash) for the auctioneer. 2

Example 5. (A uctioneer alternatives II) Suppose jAj =
2. Consider an order to sell two units of hA 1 i at price $0.6,
an order to buy one unit of hA 1A2 i at price $0.3, and an
order to buy one unit of hA 1 �A2 i at price $0.5. The corre-
sponding payo� vectors are:

� 1 = h� 0:4;� 0:4; 0:6; 0:6i
� 2 = h 0:7;� 0:3;� 0:3;� 0:3i
� 3 = h� 0:5; 0:5;� 0:5;� 0:5i

Consider the divisible case. The auctioneer could choose to
accept one unit each of all three bids, yielding a payo� to
the auctioneer of $0.2 in cash (� auc = h0:2; 0:2; 0:2; 0:2i ).
Alternatively, the auctioneer could chooseto accept 4/3 units
of bid 1, and one unit each of bids 2 and 3, yielding a payo�
to the auctioneer of 1/3 units of security hA 1 i . Both choices
constitute matches (in fact, accepting any number of units
of bid 1 between 1 and 4/3 can be part of a match), though
depending on the auctioneer's objective, one choice might
be preferred over another. For example, if the auctioneer
believesthat A 1 is very likely to occur, it may prefer to accept
4/3 units of bid 1. 2

There are many possiblecriteria for the auctioneer to de-
cide among matches, all of which seemreasonable in some
circumstances. One natural quantit y to maximize is the
volume of trade among bidders; another is the auctioneer's
utilit y, either with or without the arbitrage constraint.

Definition 3. (T rademaximization problem) Given a set
of indivisible (divisible) orders O, choose � i 2 f 0; 1g (� i 2
[0; 1]) to maximize

X

i

� i qi ;

under the constraint that

8! ; � h! i
auc � 0:

2

Another reasonablevariation is to maximize the total per-
cent of orders �lled, or

P
i � i , under the same (risk-free)

constraint that 8! ; � h! i
auc � 0.

Definition 4. (A uctioneer risk-fr ee utility-maximization
problem) Let the auctioneer's subjective probability for each
state ! be Pr(! ), and let the auctioneer's utility for y dol-
lars be u(y). Given a set of indivisible (divisible) orders O,
choose � i 2 f 0; 1g (� i 2 [0; 1]) to maximize

X

! 2 


Pr( ! )u(� h! i
auc );



under the constraint that

8! ; � h! i
auc � 0:

2

Definition 5. (A uctioneer standard utility-maximization
problem) Let the auctioneer's subjective probability for each
state ! be Pr(! ), and let the auctioneer's utility for y dol-
lars be u(y). Given a set of indivisible (divisible) orders O,
choose � i 2 f 0; 1g (� i 2 [0; 1]) to maximize

X

! 2 


Pr(! )u
�

� h! i
auc

�
:

2

This last objectiv e function drops the risk-free (arbitrage)
constraint. In this case, the auctioneer is a market maker
with beliefs about the lik elihood of outcomes, and the auc-
tioneer may actually lose money is someoutcomes.

Still other variations and other optimization criteria seem
reasonable, including social welfare, etc. It also seemsrea-
sonableto supposethat the surplus be sharedamong bidders
and the auctioneer, rather than retained solely by the auc-
tioneer. This is analogousto choosinga common transaction
price in a double auction (e.g., the midp oint betweenthe bid
and ask prices), rather than the buyer paying the bid price
and the seller receiving the ask price, with the di�erence
going to the auctioneer. The problem becomesmore com-
plicated when dividing surplus securities, in part because
they are valued di�eren tly by di�eren t agents. Formulating
reasonablesharing rules and examining the resulting incen-
tiv e properties seemsa rich and promising avenue for further
investigation.

4. MATCHING ALGORITHMS
The straightforw ard algorithm for solving the divisible

matching problem is linear programming; we set up an ap-
propriate linear program in Section 5.1. The straightforw ard
algorithm for solving the indivisible matching problem is in-
teger programming. With n events, to set up the appropri-
ate linear or integer programs, simply writing out the payo�
vectors in the straightforw ard way requires O(2n ) space.

There is some hope that specialized algorithms that ex-
ploit structure among bids can perform better in terms of
average-casetime and space complexity. For example, in
somecasesmatchescan be identi�ed using logical reduction
techniques, without writing down the full payo� vectors. So
a match between the following bids:

� sell 1 of hA 1A2 i at $0.2

� sell 1 of hA 1 �A2 i at $0.1

� buy 1 of hA 1 i at $0.4

can be identi�ed by reducing the �rst two bids to an equiv-
alent o�er to sell hA 1 i at $0.3 that clearly matches with
the third bid. Formalizing a logical-reduction algorithm for
matching, or other algorithms that can exploit special struc-
ture among the bids, is a promising avenue for future work.

5. THE COMPUTATION AL COMPLEXITY
OF MATCHING

In this section we examine the computational complexity
of the auctioneer's matching problem. Here n refers to the
problem's input size that includes descriptions of all of the
buy and sell orders. We also assume that n bounds the
number of basesecurities.

We consider four casesbasedon two parameters:

1. Whether to allow divisible or indivisible orders.

2. The number of securities. We consider two possibili-
ties:

(a) O(log n) basesecuritiesyielding a polynomial num-
ber of states.

(b) An unlimited number of base securities yielding
an exponential number of states.

We show the following results.

Theorem 1. The matching problem is

1. computable in polynomial-time for O(log n) base secu-
rities with divisible orders.

2. co-NP-complete for unlimite d securities with divisible
orders.

3. NP-complete for O(log n) base securities with indivis-
ible orders.

4. � p
2 -complete for unlimite d securities with indivisible

orders.

5.1 Small number of securitieswith divisible
orders

We can build a linear program basedon De�nition 2. We
have variables � i . For each i , we have

0 � � i � 1

and for each state ! in 
 we have the constraint

� h! i
auc =

X

i

� � i �
h! i
i � 0:

Given these constraints we maximize
X

i

� i :

A set of orders has a matching exactly when
P

i � i > 0.
With O(log n) base securities, we have j
 j bounded by a

polynomial sowe can solve this linear program in polynomial
time.

Note that onemight argue that oneshould maximize some
linear combination of the � � h! i

i s to maximize the surplus.
However this approach will not �nd matchings that have
zero surplus.

5.2 Lar ge number of securitieswith divisible
orders

With unlimited base securities, the linear program given
in Section 5.1 has an exponential number of constraint equa-
tions. Each constraint is short to describe and easily com-
putable given ! .



Let m � n be the total number of buy and sell orders.
By the theory of linear programming, an upper bound on
the objectiv e function can be forced by a collection of m + 1
constraints. So if no matching exists there must exist m + 1
constraints that force all the � i to zero. In nondeterministic
polynomial-time we can guess these constraints and solve
the reduced linear program. This shows that matching is in
co-NP.

To show co-NP-completenesswe reduce the NP-complete
problem of Boolean formula satis�abilit y to the nonexistence
of a matching. Fix a formula � . Let the base securities be
the variables of � and consider the single security h� i with
a buy order of 0:5. If the formula � is satis�able then there
is some state with payo� 0:5 and no fractional unit of the
security h� i is a matching. If the formula � is not satis�able
then every state hasan auctioneer's payo� of 0:5 and a single
unit of the security h� i is a matching.

One could argue that if the formula � is not satis�able
then no fully rational buyer would want to buy h� i for a cost
of 0:5. We can get around this problem by adding auxiliary
basesecurities, A and B , and de�ning two securities

h� i = (� ^ A) _ (A ^ B )

h� 0i = (� ^ A) _ (A ^ B )

with separate buy orders of 0:5 on each.
If � were satis�able then in the state corresponding to

the satisfying assignment and both A and B to be true, h� i
and h� 0i both have an auctioneer's payo� of � 0:5 so even no
divisible matching can exist.

If � were not satis�able then one unit of each would be a
matching since in every state at least one of h� i or h� 0i are
false.

5.3 Smallnumber of securitieswith indivisible
orders

This caseis easily seento be in NP: Just nondeterminis-
tically guessa nonempty subset S of orders and check for
each state ! in 
 that

� h! i
auc =

X

i 2 S

� � h! i
i � 0:

Since j
 j and jSj are bounded by a polynomial in n, the
veri�cation can be done in polynomial time.

To show that matching is NP-complete we reduce the NP-
complete problem EXA CT COVER BY 3-SETS (X3C) to a
matching of securities.

The input to X3C consists of a set X and a collection C
of 3-element subsetsof X . The input (X ; C) is in X3C if C
contains an exact cover of X , i.e., there is a subcollection
C0 of C such that every element of X occurs in exactly one
member of C0. Karp showed that X3C is NP-complete.

Supposewe have an instance (X ; C) with the vector X =
f x1 ; : : : ; x3qg and C = f c1 ; : : : ; cm g.

We set 
 = f e1 ; : : : ; e3q ; r ; sg and de�ne securities labelled
h� 1 i ; : : : ; h� m i , h 1 i ; : : : ; h q i and h� i , as follows:

� Security h� i i is true in state r , and is true in state ek

if k is not in ci .

� Security h j i is true only in state s.

� Security h� i is true in each state ek but not r or s.

We have buy orders on each h� i i and h j i security for
0:5 � 1

8q and a buy order on h� i for 0:5.

We claim that a matching exists if and only if (X ; C) is
in X3C.

If (X ; C) is in X3C, let C0 be the subcollection that covers
each element of X exactly once. Note that jC0j = q.

We claim the collection consisting of h� i i for each ci in
C0, every h j i and h� i has a matching.

In each state ek we have an auctioneer's payo� of

(:5 �
1
8q

) + (q � 1)(� :5 �
1
8q

) + q(:5 �
1
8q

) � :5

= :5 � 2q
1
8q

= :25 � 0:

In states r and s the auctioneer's payo�s are

� q(:5 +
1
8q

) + � q(� :5 +
1
8q

) + :5 = � 5 � 2q
1
8q

= :25 � 0:

Suppose now that (X ; C) is not in X3C but there is a
matching. Consider the number q0 of the h� i i in that match-
ing and q00 the number of h j i in the matching. Since a
matching requires a nonempty subset of the orders and h� i
by itself is not a matching we have q0 + q00> 0.

We have three cases.
q0 > q: In state r , the auctioneer's payo� is

� q0(:5 +
1
8q

) � q(� :5 +
1
8q

) + :5 � � (q0 + q)
1
8q

< 0:

q00> q0: In state s, the auctioneer's payo� is

� q00(:5 +
1
8q

) � q0(� :5 +
1
8q

) + :5 � � (q00+ q0)
1
8q

< 0:

q00 � q0 � q: Consider the set C0 consisting of the ci

where h� i i is in the matching. There must be some state
ek not in any of the ci or C0 would be an exact cover. The
auctioneer's payo� in ek is at most

� q0(:5 +
1
8q

) � q00(� :5 +
1
8q

) � � (q00+ q0)
1
8q

< 0:

5.4 Lar geNumber of Securitieswith Indi visi­
ble Orders

The class � p
2 is the second level of the polynomial-time

hierarchy. A languageL is in � p
2 if there exists a polynomial

p and a set A in P such that x is in L if and only if there
is a y with jyj = p(jxj) such that for all z, with jzj = p(jxj),
(x; y; z) is in A. The class � p

2 contains both NP and co-
NP. Unless the polynomial-time hierarchy collapses(which
is consideredunlik ely), a problem that is complete for � p

2 is
not contained in NP or co-NP.

We will show that computing a matching is � p
2 -complete,

and remains so even for quite restricted types of securities,
and hence is (lik ely) neither in NP or co-NP. While it may
seem that being NP-complete or co-NP-complete is \hard
enough," there are further practical consequencesof being
outside of NP and co-NP. If the matching problem were in
NP, onecould useheuristics to search for and verify a match
if it exists; even if such heuristics fail in the worst case,they
may succeed for most examples in practice. Similarly , if
the matching problem were in co-NP, one might hope to at
least heuristically rule out the possibility of matching. But
for problems outside of NP or co-NP, there is no framework
for verifying that a heuristically derived answer is correct.
Less formally , for NP (or co-NP)-complete problems, you
have to be lucky; for � p

2 -complete problems, you can't even
tell if you've been lucky.



We note that the existence of a matching is in � p
2 : We

use y to choose a subset of the orders and z to represent
a state ! with (x; y; z) in A if the set of orders has a total
nonpositive auctioneer's payo� in state ! .

We prove a stronger theorem which implies that matching
is in � p

2 . Let S1 ; : : : ; Sn be a set of securities, where each
security Si has cost ci and pays o� pi whenever formula Ci

is satis�ed. The 0 � 1-matching problem asks whether one
can, by accepting either 0 or 1 of each security, guarantee a
worst-casepayo� strictly larger than the total cost.

Theorem 2. The 0� 1-matching problem is � p
2 -complete.

Furthermore, the problem remains � p
2 -complete under the

fol lowing two special cases:

1. For all i , Ci is a conjunction of 3 baseevents (or their
negations), pi = 1, and ci = cj for all i and j .

2. For all i , Ci is a conjunction of at most 2 base securi-
ties (or their negations).

These hardness results hold even if there is a promise that
no subset of the securities guarantees a worst-case payo�
identical to their cost.

To prove Theorem 2, we reduce from the \standard" � p
2

problem that we call T98BF. Given a boolean formula �
with variables x1 ; : : : ; xn and y1 ; : : : ; yn is the following fully-
quanti�ed formula true

9x1 : : : 9xn 8y1 : : : 8yn � (x1 ; : : : ; xn ; y1 ; : : : ; yn )?

The problem remains � p
2 -complete when

� (x1; : : : ; xn ; y1 ; : : : ; yn )

is restricted to being a disjunction of conjunctions of at most
3 variables (or their negations), e.g.,

� (x1; : : : ; xn ; y1 ; : : : ; yn ) =

(x1 ^ �x3 ^ y2) _ (x2 ^ y3 ^ y7) _ � � � :

This form, without the bound on the conjunction size, is
known as disjunctive normal form (DNF); the restriction to
conjunctions of 3 variables is 3-DNF.

We reduceT98BF to �nding a matching. For the simplest
reduction, we consider the matching problem where one has
a set of Arro w-Debreu securities whose payo� events are
conjunctions of the base securities, or their negations. The
auctioneer has the option of accepting either 0 or 1 of each
of the given securities.

We �rst reduce to the case where the payo� events are
conjunctions of arbitrarily many baseevents (or their nega-
tions). By a standard tric k we can reduce the number of
baseevents in each conjunction to 3, and with a slight twist
we can even ensurethat all securities have the sameprice as
well as the samepayo�. Finally , we show that the problem
remains hard even if only conjunctions of 2 variables are
allowed, though with securities that deviate slightly from
Arro w-Debreu securities in that they may have varying, non
unit payo�s.

5.4.1 Thebasicreduction
Before describing the securities, we give some intuition.

The T98BFproblem may be viewed as a game between a
selector and an adversary. The selector setsthe x i variables,
and then the adversary sets the yi variables so as to falsify

the formula � . We can view the 0 � 1-matching problem as
one in which the auctioneer is a buyer who buys securities
corresponding to disjunctions of the base events, and then
the adversary sets the values of the baseevents to minimize
the payo� from the securities.

We construct our securities so that the optimal buying
strategy is to buy n \exp ensive" securities along with a set
of \c heap" securities, of negligible cost (for some caseswe
can modify the construction so that all securities have the
same cost). The total cost of the securities will be just
under 1, and each security pays o� 1, so the adversary must
ensure that none of the securities pays o�. Each expensive
security forces the adversary to set some variable, x i to a
particular value to prevent the security from paying o�; this
corresponds to setting the x i variables in the original game.
The cheap securities are such that preventing every one of
of these securities from paying o� is equivalent to falsifying
� in the original game.

Among the technical di�culties we face is how to prevent
the buyer from buying con
icting securities, e.g., one that
forces x i = 0 and the other that forces x i = 1, allowing for
a trivial arbitrage. Secondly, for our analysis we need to
ensure that a trader cannot spend more to get more, say by
spending 1:5 for a set of securities with the property that at
least 2 securities pay o� under all possible events.

For each of the variables f x i g; f yi g in � , we add a cor-
responding base security (with the same labels). For each
existential variable x i we add additional base securities, n i

and zi . We also include a basesecurity Q.
In our basic construction, each expensive security costs C

and each cheap security costs � ; all securities pay o� 1. We
require that Cn + � (jcheap securitiesj) < 1 and C(n + 1) > 1.
That is, one can buy n expensive securities and all of the
cheap securities for less than 1, but one cannot buy n + 1
expensive securities for less than 1. We at times refer to a
security by its payo� clause.

Remark: We may loosely think of � as 0. However, this
would allow one to buy a security for nothing that pays (in
the worst case) nothing. By making � > 0 , we can show
it hard to distinguish portfolios that guarantee a positive
pro�t from those that risk a positive loss. Setting � > 0 will
also allow us to show hardnessresults for the casewhere all
securities have the samecost.

For 1 � i � n, we have two expensive securities with
payo� clauses( �x i ^ Q) and ( �n i ^ Q) and two cheap securities
with payo� clauses(x i ^ �zi ) and (n i ^ �zi ).

For each clause C 2 � , we convert every negated variable
�x i into n i and add the conjunction z1 ^ � � � ^ zn . Thus, for a
clause C = (x2 ^ �x7 ^ �y5) we construct a cheap security SC,
with payo� clause

(z1 ^ � � � ^ zn ^ x2 ^ n7 ^ �y5):

Finally , we have a cheap security with payo� clause ( �Q).
We now argue that a matching exists i�

9x1 : : : 9xn 8y1 : : : 8yn � (x1; : : : ; xn ; y1 ; : : : ; yn ):

We do this by successively constraining the buyer and the
adversary, eliminating behaviors that would causethe other
player to win. The resulting \reasonable" strategies corre-
spond exactly to the game version of T98BF.

First, observe that if the adversary sets all of the base
securities to false (0), then only the ( �Q) security will pay o�.



Thus, no buyer can buy more than n expensive securities
and guarantee a pro�t. The problem is thus whether one
can buy n expensive securities and all the cheap securities,
so that at for any setting of the base events at least one
security will pay o�.

Clearly, the adversary must make Q hold, or the ( �Q) se-
curit y will pay o�. Next, we claim that for each i , 1 � i � i ,
the auctioneer must buy at least one of the ( �x i ^ Q) and
( �n i ^ Q) securities. This follow from the fact that if the ad-
versary sets x i ; n i and zi to be false, and every other base
event to be true, then only the ( �x i ^ Q) and ( �n i ^ Q) se-
curities will pay o�. As no auctioneer can buy more than
n expensive securities, it must therefore buy exactly one of
( �x i ^ Q) or ( �n i ^ Q), for each i , 1 � i � n. For the rest
of the analysis, we assumethat the auctioneer follows this
constraint.

Supposethat the buyer buys ( �x i ^ Q). Then the adversary
must set x i to be true (since it must set Q to be true), or the
security will pay o�. It must then set zi to be true or (x i ^ �zi )
will pay o�. Since the buyer doesn't buy ( �n i ^ Q) (by the
above constraint), and all the other securities pay the same
or lesswhen n i is made false, we can assumewithout lossof
generality that the adversary sets n i to be false. Similarly ,
if the buyer buys ( �n i ^ Q), then the adversary must set
n i and zi to be true, and we can assume without loss of
generality that the adversary sets x i to be false. Note that
the adversary must in all casesset each zi event to be true.

Summarizing the preceding argument, there is an exact
correspondencebetween the rational strategies of the buyer
and settings for the x i variables forced on the adversary.
Furthermore, the adversary is also constrained to set the
variables Q; z1 ; : : : ; zn to be true, and without loss of gen-
eralit y may be assumed to set n i = �x i . Under these con-
straints, those securities not corresponding to clauses in �
are guaranteed to not pay o�.

The adversary also decides the value of the y1 ; : : : ; ym

base events. Recall that for each clause C 2 � there is a
corresponding security SC. Given that zi is true and n i = �x i

(without lossof generality), it follows from the construction
of SC that the setting of the yi s causesSC to pay o� i� it
satis�es C. This establishes the reduction from T98BF to
the matching problem, when the securities are constrained
to be a conjunction of polynomially many base events or
their negations.

5.4.2 Reducingto 3­variableconjunctions
There are standard methods for reducing DNF formulae to

3-DNF formulae, which are trivially modi�able to our secu-
rities framework; we include the reduction for completeness.
Given a security S whose payo� clause is

C = (v1 ^ v2 ^ � � � ^ vk )

(variable negations are irrelevant to this discussion), cost
c and payo� p, intro duce a new auxiliary variable, w, and
replace the security with two securities, S1 and S2 , with
payo� clauses,

C1 = (v1 ^ v2 ^ w) and

C2 = ( �w ^ v3 ^ � � � ^ vk ):

The securities both have payo� p, and their costs can be
any positive values that sum to c. Note that at most one of
the securities can pay o� at a time. If only one security is
bought, then the adversary can always set w so that it won't

pay o�; hencethe auctioneer will buy either both or neither,
for a total cost of c (here we use the fact that one is only
allowed to buy either 0 or 1 sharesof each security). Then,
it may be veri�ed that, given the abilit y to set w arbitrarily ,
the adversary can causeC to be unsatis�ed i� it can cause
both C1 and C2 to be unsatis�ed. Hence, owning one share
each of S1 and S2 is equivalent to owning one share of S.

Note that C1 has three variables and C2 has k � 1 variables.
By applying the transformation successively, one obtains an
equivalent set of securities, of polynomial size, whosepayo�
clauseshave at most 3 variables.

We note that in the basic construction, all of the clauses
with more than 3 variables are associated with cheap secu-
rities (cost � ). Instead of subdividing costs, we can simply
make all of the resulting securities have cost � ; the con-
straints on C and � must re
ect the new, larger number of
cheap securities.

One can ensure that all of the payo� clauseshave exactly
3 variables, with a similar construction. A security S with
cost c, payo� p and de�ning clause (x ^ y) can be replaced
by securities S1 and S2 with cost c=2, payo� p and de�ning
clauses(x ^ y^ w) and (x ^ y^ �w), where w is a new auxiliary
variable. Essentially the same analysis as given above ap-
plies to this case. The caseof single-variable payo� clauses
is handled by two applications of this technique.

5.4.3 Reducingto equi­costsecurities
By setting C and � appropriately , one can ensure that

in the basic reduction every security costs a polynomially
bounded integer multiple of � ; call this ratio r . We now
show how to reduce this case to the case where every se-
curit y costs � . Recall that the expensive securities have
payo� clauses ( �x i ^ Q) or ( �n i ^ Q). Assume that secu-
rit y S has payo� clause ( �x i ^ Q) (the other caseis handled
identically). Replace S with security S0, with payo� clause
( �x i ^ Q ^ w1) (w1 ; : : : ; wr � 1 are auxiliary variables; fresh
variables are chosen for each clause), and also S1 ; : : : ; Sr � 1 ,
with payo� clauses

( �w1 ^ w2); ( �w2 ^ w3); : : : ; ( �wr � 2 ^ wr � 1); and( �wr � 1 ^ �w1):

Clearly, buying none of the new securities is equivalent
to not buying the original security. We show that buying
all of the new securities is equivalent to buying the original
security, and that buying a proper, nonempty subset of the
securities is irrational.

We�rst note that if the buyer buys securitiesS1 ; : : : ; Sr � 1 ,
then the adversary must set w1 to be true, or one of the
securities will pay o�. To seethis, note that if wi is set to
false, then ( �wi ^ wi +1 ) will be true unlesswi +1 is set to false;
thus, setting w1 to false forces the adversary to set wr � 1 to
false, causing the �nal clause to be true. Having set w1

true, the adversary can set w2 ; : : : ; wr � 1 to false, ensuring
that none of the securities S1 ; : : : ; Sr � 1 pays out. If wi is
true, then ( �x i ^ Q ^ w1) is equivalent to ( �x i ^ Q). So buying
all of the replacement securities for � each is equivalent to
buying the original security for �r .

It remains to show that buying a proper, nonempty sub-
set of the securities is irrational. If one doesn't buy S0,
then the adversary can set the w variables so that none of
S1 ; : : : ; Sr � 1 will pay o�; any money spent on these securi-
ties is wasted. If one doesn't buy Sr � 1 , the adversary can
set all w to false, in which casenone of the new clauseswill
pay o�, regardlessof the value of x i and Q. Similarly , if one



doesn't buy Si , for 1 � i � r � 2, the adversary can set wi +1

to be true, all the other w variables to be false, and again
there is no payo�, regardlessof the value of x i and Q. Thus,
buying a proper subset of these securities will not increase
onespayo�.

Wenote that this reduction can be combined trivially with
the reduction that ensures that all of the de�ning clauses
have 3 or fewer variables. With a slightly messierargument,
all of the de�ning clausescan be set up to have exactly 3
variables.

5.4.4 Reducingto clausesof at most2 variables
If we allow securities to have variable payo�s and prices,

we can reduce to the casewhere each security's payo� clause
is a conjunction of at most 2 variables or their negations.

Given a security s with payo� clause (X ^ Y ^ Z ), cost c
and payo� 1, we intro duce fresh auxiliary variables, w1 ; w2

and w3 (new variables are used for each clause) and replace
S with the following securities:

� Securities S1 ; S2 and S3 , each with cost c=3 and payo�
1, with respective payo� clauses (X ^ w1), (Y ^ w2)
and (Z ^ w3).

� Securities S0
1 ; : : : ; S0

6 , each with cost 4 and payo� 24�
� 2 , with payo� clauses,

(w1 ^ w2) (w1 ^ w3) (w2 ^ w3)
( �w1 ^ �w2) ( �w1 ^ �w3) ( �w2 ^ �w3)

Here, � 2 is a tin y positive quantit y, described later. By a
simple caseanalysis, we have the following.

Observ ations:

1. For any i , there exists a setting of w1 ; w2 an w3 such
that of the S0 securities only S0

i pays o�.

2. For any setting of w1 ; w2 and w3 , at least one of the
S0 securities will pay o�.

3. If w1 ; w2 and w3 are all false, all of the S0 securities
will pay o�.

4. Setting one of w1 ; w2 or w3 to be true, and the others
to be 0, will causeexactly one of the S0 securities to
pay o�.

By Observation 1, there is no point in buying a nonempty
proper subset of the S0 securities: The adversary can ensure
that none of the bought securities will pay o�, and even if
all the S securities pay o�, it will not be su�cien t to recoup
the cost of buying a single S0 security. By Observation 2, if
one buys all the S0 securities, one is guaranteed to almost
make back onesinvestment (except for � 2), in which caseby
Observations 3 and 4, the adversariesoptimal strategy is to
make exactly one of w1 ; w2 or w3 true. We set C; � and � 2

so that

Cn + � (jcheap securitiesj) + � 2(jclausesj) < 1:

Thus, the accumulated lossesof � 2 can never spell the dif-
ferencebetween making a guaranteed pro�t and making no
pro�t at all. Note also that by making � 2 positive we prevent
the existenceof \break-ev en" buying strategies in which the
buyer only purchasesS0 securities.

Summarizing the previous argument, wemay assumewith-
out loss of generality that the buyer buys all of the S0 secu-
rities (for all clauses),and that for each clausethe adversary
setsexactly one of that clause'sauxiliary variables w1 ; w2 or
w3 to be true. For the rest of the discussion,we assumethat
the players follow these constraints.

We next claim that a rational buyer will either buy all
of S1 ; S2 or S3 , or none of them. If the buyer doesn't buy
S1 , then if the adversary makes w1 true and w2 and w3

false, neither S2 nor S3 will pay o�, regardless of how the
adversary sets X ; Y and Z . Hence, there is no point in
buying either S2 or S3 if one doesn't buy S1 . Applying the
sameargument to S2 and S3 establishesthe claim.

Clearly, buying none of S1 ; S2 and S3 has, up to negligible
� 2 factors, the sameprice/pa yo� behavior as not buying S.
We next argue that, subject to the established constraints
put on the players' behaviors, buying all of S1 ; S2 and S3 has
the sameprice/pa yo� behavior (again ignoring � 2 factors) as
buying S, regardlessof how the adversary sets X ; Y and Z .
First, in both cases,the cost is c. If the adversary makes
X ; Y and Z true, then S pays o� 1, and (assuming that
exactly one of w1 , w2 and w3 is true), exactly one of S1 ; S2

or S3 will pay o� 1. If X is false, then S doesn't pay o�,
and the adversary can set w1 true (and w2 and w3 false),
ensuring that none of S1 , S2 and S3 pays o�. The same
argument holds if Y or Z are false.

6. TRACTABLE CASES
The logical question to ask in light of thesecomplexity re-

sults is whether further, more severerestrictions on the space
of securities can enable tractable matching algorithms. Al-
though we have not systematically explored the possibilities,
the potential for useful tractable casescertainly exists.

Suppose,for example, that bids are limited to unit quan-
tities of securities of the following two forms:

1. Disjunctions of positive events: hA 1 _ � � � _ A k i .

2. Single negative events: h �A i i .

Let p be the price o�ered for a disjunction hA 1 _ � � � _ A k i ,
and qi the maximal price o�ered for the respective negated
disjuncts. This disjunction bid is part of a match i� p +P

i qi � k. Evaluating whether this condition is satis�ed by
a subset of bids is quite straightforw ard.

Although this example is contriv ed, its application is not
entirely implausible. For example, the disjunctions may cor-
respond to insurance customers,who want an insurance con-
tract to cover all the potential causesof their assetloss. The
atomic securities are sold by insurers, each of whom special-
ize in a di�eren t form of disaster cause.

7. CONCLUSIONS AND
FUTURE DIRECTIONS

Wehaveanalyzed the computational complexity of match-
ing for securities based on logical formulas. Many possible
avenues for future work exist, including

1. Analyzing the agents' optimization problem:

� How to choose quantities and bid/ask prices for
a collection of securities to maximizes one's ex-
pectedutilit y, both for linear and nonlinear utilit y
functions.



� How to choose securities; that is, deciding on
what collection of boolean formulas to o�er to
trade, subject to constraints or penalties on the
number or complexity of bids.

� How do make the above choicesin a gametheoret-
ically sound way, taking into account the choices
of other traders, their reasoningabout other traders,
etc.

2. Although matching is lik ely intractable, are there good
heuristics that achieve matches in many casesor ap-
proximate a matching?

3. Exploring sharing rules for dividing the surplus, and
incentiv e properties of the resulting mechanisms.

4. We may consider a market to be in computational equi-
librium if no computationally-b ounded player can �nd
a strategy that increasesutilit y. With few exceptions
[3, 22], little is known about computational equilib-
riums. A natural question is to determine whether a
market can achieve a computational equilibrium that is
not a true equilibrium, and under what circumstances
this may occur.
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