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Abstract

| discussthe prospectf openingsecuritiesmarketsin hard computationaproblems,including
satisfiability countingproblems andBayesiannferenceproblems.SuchNP marketswould offer
directmonetaryincentivesfor the developmentof betteralgorithms.Market priceswould sene as
collective approximatesolutions andbid-askspreadsnayreflectproblemdifficulty. Somemarkets
offer controlledsettingsfor investigatingthe speedof informationincorporationin markets, and
exploring evidenceof boundedrationality and imprecisesubjectie probabilitiesamongmarket
participants.

Goingonce...Goingtwice. .. Sold! Congmatulations!
You are nowthe proudownerof...

...oneunit of oneinstanceof three-satisfiabilityproblem#Vv300:C1000:1D854!

1 Intr oduction

In May 1997,IBM’ s DeepBlue becamehefirst computerto defeata reigningworld chesschampion.
Along with the $700,000winner’s purse the programmingeamwon the $100,000Fredkinprize,an
amountsetasidein 1980to stimulatecomputerchessesearch A $1.5million prize still avaitsthe
first computerchampionof the ChineseboardgameGo.! Everyyearthe Loebnerprize? and$2000,
goesto thecomputemprogramthatis judgedmosthuman-like; a $100,000prize is earmarledfor the
first computetto fool ajudgeinto believing thatit is human,a gold standardor artificial intelligence
first popularizedby Turing [28]. In Januaryl997,RSA DataSecuritysponsored $10,000prize for
the first personto decodea particular56-bit DES-encryptednessagé. A distributed collection of
computerscoordinatedacrosshe Internet,accomplishedhe task,andcollectedthe prize money, in
Juneof thesameyear*

By sponsoringcontestsa funding agentcanprovide incentve for researcherto tacklethe prob-
lemsthatit wantssolved. However, significantrewardsof thistypearerare,andarecertainlynegligi-
ble comparedo thenumberof challengingoroblemsof interest.Few individualsor groupscanafford
to backa meaningfulprize andadwertiseit sufficiently. Othersmay simply not desiresuchpublicity,
especiallyif theproblemitself is proprietary

1Thelng prize,sponsoredby Acer Incorporatecandthe Ing Chang-KiWei-Chi (Go) EducationaFoundation.
2http://wmw | oebner. net/ Prizef/| oebner-prize. htm
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Hanson[15, 14] proposesan ldea Futuresmarket whereparticipantscanbet on future develop-
mentsin sciencefechnologyandotherarenaf publicinterest.He arguesthatthe reward structure
of suchamarketencouragebhonestevelationof opinionsamongscientistsyielding pricesthatform
accuratdorecastdor useby fundingagenciespublic policy leadersthe media,andotherinterested
parties. The conceptis operationalasa Web game(run with play money) calledthe ForesightEx-
change In practice however, it is oftendifficult to preciselydefineeachsecuritys payof-triggering
eventin away thatforeseesll possibleaventualities As aresult,anunbiasechumanjudgeis gener
ally requiredfor every security Whena securityis vaguelydefinedor the judgeis nottrusted agents
areusuallywary of tradingin it, andits price may havelittle or noinformative value.

Thereis a classof problemsthatarebothinterestinganddifficult to solve, andyet any proposed
solutioncan be easily and preciselyverified: namely the classof NP-completeproblems. In Sec-
tion 3, | discussthe prospecbf openingsecuritieamarketsthat pay off contingenton the discovery
of solutionsto particularinstancesf an NP-completeproblems. SuchNP markets would provide
direct monetaryincentivesfor developersto testandimprove their algorithms,and allow funding
agentdo targetrewardsto the designerf the bestalgorithmsfor the mostinterestingproblems.In
Sections4 and5, | discussmarketsin #P-completgroblems,wherepricessene ascollective ap-
proximateboundson the numberof solutions,andbid-askspreadsnay indicateproblemdifficulty.
Marketsin Bayesianinferenceproblemsmay prove a naturaltestbedfor controlledexperimentsto
measurehe speedof informationincorporationin markets. Marketsin SAT countingproblemsand
Bayesiarinferenceproblemamayyield evidenceof boundedationalityor imprecisesubjectve prob-
abilitiesamongpatrticipatingagents.

2 Mark etsasinformation aggregationdevices

Whenmarketsattractbroadparticipation,pricescanencodethe sumtotal of a large amountof dis-

parateanddistributedinformation. The pricesreflect,in a very real sensethe collective opinion of

amyriad of informedandwell-motivatedtraderg20, 21]. Informative pricesoftentranslatedirectly

into accuratdorecastof future events.For example,pricesof financialoptionsaregoodprobability
assessmenty the future pricesof the underlyingasset426]; pricesin political stockmarkets,like

thelowa ElectronicMarket (IEM), canfurnishbetterestimateof likely electionoutcomeghantra-

ditional polls [10, 11]; oddsin horseraces,determinedsolely by how muchis betonwhich horses,
matchvery closelywith the horses’actualfrequencie®f winning [27, 30]; andpoint-spreadetting
marketsyield unbiasedredictionsof sportingeventoutcomeg12].

2.1 Securitiesmarketsand no arbitrage

Almost all economictheoriesof equilibrium assumeat a minimum, that equivalent portfolios are
pricedconsistentlywith oneanotheysuchthatarbitrageopportunitiesdo not exist [2, 8, 17, 29].6

An examplearisesin the context of a securitiesmarket In the parlanceof economictheory a
securityis definedasa lottery ticket that paysoff $1 if someuncertainevent A occurs,andpaysoff
nothingif A doesnot occur’ For example,the owner of a security“$1 if andonly if (iff) it rains
tomorron” will be paid $1if it rainstomorron, and nothing otherwise. In generalwe use({A) as
shorthandor thesecurity*$1 iff A”. Now imagineamarketof two disjointandexhaustve securities:
“$1 iff it rainstomorron” and“$1 iff it doesnot raintomorron”. Owningbothsecuritiegguarantees
the holder a payof of exactly $1 regardlessof whetherit rains. Thusthe total price to buy both
securitiesshouldnever dip below $1—otherwisethe buyercanobtainarisk-freeprofit. Similarly, in
theabsencef arbitragethetotal priceto sellbothsecuritiescanneverexceed$l. More generallythe
pricesof a collectionof suchsecuritiesnustconformto a legal probability distribution (modulothe

Shttp://wmw. i deosphere. conl
8paretoefficieng, acommonandmild assumptionimpliesno-arbitrage.
"Insurancecontractsfutures,options,derivatives, andeven stockscanbe modeledasportfolios of suchatomicsecurities.



bid-askspread)ptherwisearbitrages possible. The prooffollows from the sameargumentde Finetti
usedin his famousno Dutch bookjustificationfor the existenceof individual subjectve probabilities
[7].

A conditional security (41| A42) paysoff contingenton A; andconditionalon A,. Thatis, if
A, occurs,thenit paysout exactly as (4, ); on the otherhand,if A, occurs,thenthe betis called
off andary price paidfor the securityis refunded[7]. In an efficient (arbitrage-freemarket, prices
of conditionalsecuritiesmustalsoadhereto the laws of probability So, for example,given three
securities{A; A Az), (A1]As), and(A,), theremustbe pricesp(41/42) | plA1l42) “andpl42) within
thethreecorrespondingdpid-askrangessuchthatp{41/42) = plAil42) 4 p{A2)

2.2 Forecastaccuracy: Rational expectationstheory

Accordingto the theory of rational expectationgRE), securitiespricesare not only coherent(i.e.,
form a valid probability distribution), but are alsoaccurateforecastsyeflectingthe sumtotal of all
information available to all market participants[13, 16]. Even whensomeagentshave exclusive
accesdo insideinformation, pricesequilibrateexactly asif everyonehadaccesgo all information.
Theproceduraéxplanationis thatpricesrevealto theignorantagentsary initially privateinformation;
thatis, agentdearnby observingprices.

Severalstudiesdemonstrat¢hat,in alaboratorysetting,securitiesmarketsareoftenableto aggre-
gateinformationcorrectly aspostulatecoy RE theory[9, 23, 24, 22]. Beyondthe controlledsetting
of thelaboratoryempiricistshave analyzedheforecasi@accuray of publicmarkets.Perhapshemost
directtestsinvolve sportsbettingmarkets. Several studiesdemonstratéhat oddson horsescorrelate
well with the actualfrequencie®f victory atthetrack[27, 30]. Othersportsbettingmarkets,likethe
NationalBasletball Associationpoint spreadmarket, provide very accurateforecastf likely game
outcomeg12].

Thelowa ElectronicMarket (IEM)8 supportgradingin securitiegied to the outcomeof political
andfinancialevents. Their 1988 market, openonly to University of lowa studentsand employees,
offeredsecuritiesthat paid off proportionallyto the percentagef votesreceved by variouscandi-
datesin thatyear's US Presidentiaklection. Thefinal pricesmatchedush’s final percentmaigin of
victory morecloselythanary of thesix majorpolls[10]. Sinceopeningto the public,subsequeri)S
Presidentiaklectionmarketshave attractedvide participationandfollowing. Otherelectionmarkets
have now openedn Canad& andAustrial®

3 Mark etsin satisfiability

Satisfiability (SAT)—the problemof determiningwhethera propositionalogic sentencéasa satis-
fying instantiation—ighe canonicalNP-completeproblem,andhasfound usein numerousapplica-
tions,rangingfrom circuit designto theoremproving. Duemostlyto its centralrole in logic, SAT has
recevedmuchattentionin the artificial intelligencecommunitythroughoutheyears.

| proposeopeninganonline market of securitieghatpay off contingenton the discovery of valid
instantiationsto SAT problems. For example,supposehat one unit of a securitypaysoff $1 iff a
solutionto a particularSAT instances foundby midnightEST tonight. The problemis postedon the
Webin astandardormat;thesubmissiorandverificationof solutionsareentirelyautomatic.As soon
asa valid solutionis receved, anyone owning the securityearns$1 per unit bought;if no solution
is receved by the expirationtime, securityholdersget nothing. Corversely anyonethatshortsold
the securitygets$1 if a solutionis not found andnothingif it is. Beforea solutionis recevedand
beforethe expirationtime, tradersbuy and(short)sell the securitybasedon their expectationof the

8htt p://www. bi z. ui owa. edu/ i eml
Shttp://esmubc. ca
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eventualoutcome.The currentprice canbe thoughtof asa collective assessmertf the probability
thata solutionwill befound.

The ownersof goodSAT solverswould bethe mostdirectbeneficiarie®f sucha market. Agents
from aroundthe world could devote excessCPU time to solving the problem. If someonefinds
a solution, he or shewould buy up large quantitiesof the security and then submit the solution;
similarly, if someongorovesthe problemunsatisfiablehe or shewould sellenmasseNote, however,
thattradingin a securitiesmarlket is a zero-sumgame:in orderto buy a securityfor the chanceto
make 1-p dollars(or losep dollars),someoneslsemustbe willing to sell the samesecurityfor the
chancao make p dollars(or lose1-p dollars). Whatever oneagentioses otheragentggainthe same.

Findinga solutionwhentheaskpriceis lessthan$1 (or proving insolubility whenthe bid priceis
greaterthan$0) is like discoveringan arbitrageopportunity If all participantsradedonly basedon
suchrisk-freearbitrageopportunitiesthenno two agentswvould ever agreeto trade(assuminggvery-
one'sprogramswverecorrect).Liquidity in themarketdepend®ntheparticipationof speculatosand
subsidizes. Speculator@areagentghatdo not have a solution(or an unsatisfiabilityproof) in hand,
but tradeanyway basedon their expectationof earningmoney giventheir assessmertf the proba-
bility thata solutionwill befound. Notethatownersof goodincompleteSAT algorithmsor heuristic
SAT algorithmsmay make successfuspeculatorsSubsidizerareagentshatbuy andsell simply to
encouragérading. Subsidiesreincentivesfor algorithmdevelopergo join themarket,improve their
algorithms,and solve the given problems. Subsidiesmay comefrom governmentsuniversities,or
companiesvith aninterestin solvingthe particularproblemsat hand,or in simply funding SAT al-
gorithmsresearclanddevelopmentFor example,asemiconductomaker with alibrary of hardSAT
problemswhosesolutionwould helpimprove their circuit designamay contribute both problemsand
subsidiego the market!! Governmentagenciesanfeel fairly confidentthattheir subsidieswill go
to thebestalgorithmdevelopersratherthanto the bestresearcltsalespeople.

Note thatthe sourcefor SAT instancesnustbe trusted,sinceit is possibleto generaténstances
with aknown solutionthatarevery difficult to solve a priori.

4 Satisfiability counting

Now considerthefollowing SAT marketvariant: insteadof payingoff iff a solutionis found, securi-
tiespay off iff atleastoneof k randominstantiationof the variablesrendershe sentencérue. Then
theprobabilityof a$1 payof is equalto 1 — (1 — s/n)*, wheres is thenumberof of satisfyinginstan-
tiationsandn is the numberof total possiblevariableinstantiations'? If the problemis unsatisfiable,
thenabid pricegreateithan$0 still constitutesanarbitrageopportunity;similarly, if theproblemis a
tautology thenanaskpricelessthan$1is incoherentHowever, if theproblemis neitherunsatisfiable
nor atautology andthepriceis betweer0and$1, thenthereareno opportunitiedo earnarisk-free
profit, only opportunitieso earnanexpectednon-arbitrageprofit.

Sucha market could encouragehe developmentof good SAT countingalgorithms. If the ask
priceis lessthan1 — (1 — s/n)¥, thenthe securityis worth buying (assumingisk neutrality); if
the bid price is morethan1 — (1 — s/n)*, thenthe securityis worth (short) selling. Evenif an
agentcannotcomputes exactly, aslong asit cancomputeboundson s (i.e., prove that thereare
at leasts; or at mosts,, solutions),it can submitsafebids and asks(in termsof expectedprofit).
Approximationalgorithmscanalsoyield reasonabldids andasks. The purposeof usinga value of
k greaterthanoneis to discouragesimple stochastisimulationalgorithmsthat cancomputes /n to
very high precision.| ervision & to belargeenoughsothatthetime requiredto establishthe truth or
falsity of theclaimis muchgreatetthanthetime allottedto solvingthe problem(e.g.,48 hoursto test
k randominstantiationsss. onehourfor market participantgo try to solve for s). Figurel shavsthe
relationshipbetweenexpectedpayof ands for £ = 10° andn = 10'°. Thecurrentbid-askspread

11The compay mayremainanorymousandthe problemdescriptiongandomized.
121 theinstancds a neartautology it would make moresenseo pay of iff atleastoneof k¥ randominstantiationgenders
thesentencéalse.
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Figurel: Expectedpayof 1 — (1 — s/n)* versuss whenk = 10° andn = 10'° in a SAT counting
market.

canbe consideredhe collective assessmerdf boundson 1 — (1 — s/n)*, providing a distributed
approximatesolutionto thegivencountingproblem.Subsidiecanagainaddliquidity to the market.

Note that agentsdo not needto considerthe likelihood of someoneelse solving the problem,
asthey doin the SAT marketsof Section3. Agentsneedonly concentraten analyzingthe problem
itself. Ontheotherhand,SAT countingis #P-completesothereis no (known) wayto verify solutions
in polynomialtime. Thusthe marketsyield only approximateandunverifiablesolutions unlike those
in Section3.

The sourceof problemsandrandomizatiormustbe trusted.Oneinterestingpossibilitywould be
to tie the variableinstantiationgo eventsin theworld. For example,the polaritiesof variablescould
dependon the outcomesf sportingevents,perhapsncorporatingpoint spreadgo insurea roughly
50-50split.

4.1 Measuring difficulty

As mentionedthe bid-askspreadencodesoundson 1 — (1 — s/n)*. A largerbid-askspreadnay
signala moredifficult problem,sinceagentsareunableto zeroin on s. Thenthe market givesnot
only aboundon thenumberof solutions,but alsoan estimateof problemdifficulty.

Pricesin the basicSAT market of Section3 alsoreflectproblemdifficulty, sinceif the problem
is too hardto solve, the securitywill cashout at $0. However, it is nearlyimpossibleto untangle
theinfluenceof problemdifficulty from the potentialthat the problemis unsatisfiable On the other
hand,if atrustedsourcespecificallygenerateproblemswith exactly onesolution,all biddersknow
thatthereis a solution,andnoneof themknow the solutionitself, thenpricesbelow $1 only reflect
uncertaintyin whetherthe solutionwill befound.



4.2 Impr eciseprobabilities

Most axiomaticjustificationsfor subjectve probabilitiesinsistthat agentsmaintainpoint probabili-
ties. Soif anagents probability that a coin turnsup headsis 0.5, thenit will be willing to buy at
leastsomesmallamount(perhapsnuchlessthanoneunit) of a security“$1 iff heads"for $0.499,
andit will bewilling to sell somesmallamountfor $0.501.And if the sameagents probability that
a stockpricewill goupis 0.5, it will do exactly the same,eventhoughone mightimaginethatthe
agentis more confidentin the probability assessmerfbr the coin. Othertheoriesdistinguishbe-
tweenuncertaintyandignorancesothatanagentmaybewilling to betmoreon the cointhanon the
stock. Many researcherstudyimpreciseprobabilities whereagentsmaintainprobability intervals
to encodé‘uncertaintyambiguity” insteadof singularpoint estimateg6]. If a SAT countingmarket
exhibitedvaryingbid-askspread$asedon problemdifficulty, thatmight constitutea form of empir

ical (if indirect) evidencefor the existenceof impreciseprobabilities—andhusirrationality—among
participatingagents.

5 Bayesianinference

Bayesiarinferencds #P-complet@ndis intimatelyrelatedto the SAT countingproblem[5]. Bayesian
inferencemarkets might operateasfollows. An instanceof a Bayesiannetwork is postedon the
Webin a standardormat. A securityis thenofferedfor a particularinferencequery;for example,
(A1|As A A3). Payoffs aredeterminedbasedon eitheroneor k randominstantiationof all network
variablesjn accordancevith the givenconditionalprobability tables.Accordingto the semantic®of
conditionalsecuritiesjf the evidencevariablesin the query(4, A Az in the example)do not occur,
thenall buyersandsellersreceverefundspreciselyasif tradinghadnevertakenplace.If theevidence
variablesdo occur, thenthe securitypaysoff $1iff the non-evidencevariablein thequery(A4; in the
example)occurs.

Similarto SAT countingmarkets,if thebid (ask)priceis greaterthan(lessthan)the exactproba-
bility of thequery(perhapsnodifiedaccordingo k), thenselling (buying) the securityis worthwhile
for risk-neutralrationalagents.Thenthe bid-askspreadwill tendto converge aroundthe true prob-
ability, providing approximateboundsfor the inferenceproblem. Again, the size of the spreadmay
correlatewith problemdifficulty.

5.1 Speedof evidenceincorporation

An alternatve way to handleevidencewould be to incorporateit into the instantiationstep: when
variablesin the network are instantiated gvidencevariablesare forcedto their given state,and all
biddersknow this in advance. The query securityis a standardsecurityratherthan a conditional
one.Continuingwith theabove example thequerysecurityis just (4, ) andvariablesareinstantiated
stochasticallyunderthe constraintthat A, is true and Az is false. This approacheliminatesthe
possibilitythatall betsarecanceledthoughonly allows oneevidencesetto be evaluatedatatime.

It is alsopossibleto announcevidenceinstantiationsn the middle of trading,forcing (rational)
agentdo revisetheir expectationsandthuschangingheprice of the querysecurityto reflectthe new
evidence.Economistareinterestedn how quickly evidenceis incorporatednto market prices(the
efiicientmarketshypothesisssertshatit is essentiallyinstantaneousHoweverin mostmarlkets,it is
verydifficult to controlonly for changes$n evidence sincesomary otherfactorsareatplay. Bayesian
inferencemarketsmay provide an appropriatesrvironmentin which to examinesuchquestionsn a
very controlledmanner In addition,the speedf evidenceincorporatiormaydependn thedifficulty
of theinferenceproblem,constitutingevidenceof boundedationalityamongagentsn the market.



6 Morevariations and other issues

6.1 Solwer takesall

In the SAT marketsof Section3, all buyersreceve a payof regardlessof who actually solvesthe
problem.An alternatve framewvork would beto payonly thefirst agentto submita solution. Presum-
ably only sellerswhowereunlucky enoughto transactvith thewinningagentwouldlosemonegy. It's
not clearhow this would affect pricesor theinterpretatiorof prices.Perhapgriceswould fall, since
sellersdon’'t necessariljose mongy whena solutionis found, so would tendto sell more. Lower
priceswould make it a more attractve prospectfor buyers; however, buyersdon’t necessarilywin
evenwhenasolutionis found.

Anotherpossibilityis simply to allow subsidizergo contributeto a “pot” for eachproblem,with
the entire pot goingto the first agentto solve the problem. This variationis simply a contestwhere
payofs dependon subsidizersinterests.

6.2 Optimization problems

Marketsin optimizationproblemdik e thetraveling salesmaiproblemarealsopossible For example,
securitieof theform “$1 iff atourof lengthlessthan K is found” would operatgustasSAT markets.
Otherpossibilitiesinclude:

¢ only thefirst agentto submitatour of lengthlessthan K is paid,

¢ all agentghatsubmittoursof lengthlessthan K arepaid,

¢ only theagentthatsubmitsthe bestsolutionis paid,and

¢ only agentghatsubmitsolutionsimproving on the currentbestsubmissiorarepaid.

Again,theeffecton priceundereachof thesevariationss unclear Perhapsometypesof marketsare
easietto subsidizehanothers.Or perhapsomeprovide greaterincentvesfor algorithmdevelopers,
or aremoreattractive to speculators.

6.3 An agentplayground

It is likely that peoplewould interactwith the market mostly via agentsurrogates Agent programs
would downloadproblemsdaily, attemptto solve the problems(perhapsiuring otherwiseidle com-

putertime), andtransacin the marketsaccordingly Thereis roomfor both simpletradingstratejies
that exploit arbitrageopportunitiesonly, andmore sophisticatedand speculatie) stratgiesthat at-

temptto maximizeexpectedutility acrossmultiple markets.

6.4 Play-moneymarkets

Throughoutthis paperwe have assumedhat payofs aredenominatedn real money (e.g.,US dol-
lars),thusproviding monetaryincentivesto agents However, significantregulatoryandlegal hurdles
would have to be overcomebeforeary real-mong NP marketscould be establishedA play-moneg
versionwould be mucheasierto setup andoperaten the shortterm. In this case jincentveswould
presumabhderive from entertainmentalue,educationavalue,braggingrights,and/orotherintangi-
ble sourcesOurrecentstudy[18, 19] suggestshatintangiblerewardscan(to someextent)still drive
informationaggreyationandforecastaccurag in markets. So play-mong NP marketsmight afford

someof the samebenefitsasreal NP markets,atleastuntil permissiorcanbe obtainedfor thelatter.



7 Relatedideas

Several researchersre investigatingthe possibility of solving hard problemsby coordinatingdis-
tributedcomputersacrosgheInternet.For example NASA developeda screersaser applicationthat
pulls SETI datafrom NASA's Web site, analyzest locally, andsendsbacktheresultst3

Researcherbave alsoproposedpeningmarket in CPU cycles. Examplesincludethe Popcorn
Market [25], the ComputePaver Market [4], andthe Java Market[1]. NP marketswouldin a sense
solicit CPU cyclesto solve particularproblemsof interest(and encouragealgorithmdevelopment),
ratherthansell CPU cyclesfor arbitraryprivatetasks.

Brewer[3] devisesanotheiinterestingschemeo incentdistributedagentdo solveanNP-complete
optimizationproblem—inthis caseto computea Paretooptimalallocationin acombinatoriabuction.
Traditionally, the auctioneecarriesout the computation Brewer suggesténsteada procedurevhere
biddersin theauctionmustsettlefor the current(possiblyParetodominated)allocationunlesssome-
onedemonstratethata bettersolution,with smallertotal consumersurplus,exists. Bidderswhose
utilities increasen theimprovedsolutionhave incentive to reportthe solutionif known. Biddersmay
alsoreceve a percentagef the improvementwhenthey reporta bettersolution, with percentages
increasingasthe auctions clearingtime approaches.

8 Conclusion

| discussedhe promise(and somepotentialpitfalls) of openingmarketsin hard computationprob-
lems. | describedmarketsin SAT problems,SAT countingproblems,andBayesiannferenceprob-
lems,thoughanalogousnarketscould be openedn almostany NP-completeor #P-completerob-
lem. Themarketssere asavehiclefor subsidizingalgorithmsresearchwhererewardsgo directly to
thebestperformerdnsteadof the bestsolicitors. Pricesin the marketsarecollective approximateso-
lutions,andbid-askspreadsignalproblemdifficulty. Certainmarketsseemwell suitedfor empirical
studiesof the speedf informationaggreyation,boundedationality, andimpreciseprobabilities.
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