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Abstract

We presenttwo new algorithmsfor generatinguniformly
randomsamplesof pagesfrom the World Wide Web, build-
ing upon recentwork by Henzingeret al. (Henzingeret al.
2000)andBar-Yossefetal. (Bar-Yossefetal. 2000). Both
algorithmsare basedon a weightedrandan-walk method
ology. The first algorithm (DIRECTED-SAMPLE) operates
on arbitrary directed graphs,and so is naturally applica-
ble to the weh We shaw that, in the limit, this algorithm
generatesampleghat are uniformly random. The second
algorithm (UNDIRECTED-SAMPLE) operateson undirected
graphs,thus requiring a mechatsm for obtaininginbound
links to web pages(e.g.,accesdo a searchengine). With
this additiond knowledge of inboundlinks, the algorithm
canarrive at a uniform distribution fasterthan DIRECTED-
SAMPLE, andwe derive explicit bounds on the time to con-
vergence. In addition, we evaluatethe two algorithmson
simulatedvebdata,shaving thatbothyield reliably uniform
sampleof pagesWe alsocompae our resultswith thoseof
previousalgorithms anddiscusghetheoreticalelationships
amongthevariousproposednethod.

I ntroduction

TheWorld Wide Webis a massve network of information,
reflectingideasand trendsfrom throughou society Ac-
curatecharactarationsof the web's contentandstructure
provide awindow into theinterestsof millions of individu-
alsandorganizatiors around theglobe.However, obtairing
goodestimate®f theseandotherquantitieds difficult, due
totheweb's sheersize(abou 10° pages(Inktomi/NECJan-
uary 19 20(0; Lawrene & Giles 199) andgrowing), and
its distributed and dynanic natue. Exhaistive enunera-
tion of all webpagesis atechnially challengng andcostly
task,andary resultsbecone rapidly outdated(Brin & Page
1998 Kahle1997). A morereasonale apprachis to infer
statisticshasedn arandm sampleof webpages.
Generatig a uniform sampleof web pagesis itself a
nontiivial problem. Sereral method have beenpropased,
thoudh no standardnethoalogy hasemeped. Lawrence
andGiles (Lawrence & Giles 1998 queied major search

* Part of this work was condicted while visiting NEC Re-
searchnstitute.

engnesto estimatethe overlapin their datatases. They

infer a bound on the size of the indexable web and es-
timate the searchengines’relative coverages. The same
authors (Lawrerce & Giles 1999 employ a samplingap-
proach basedon randan testingof IP addresseso deter

mine characteristic®f hostsand pagesfound on the web,
andto updatetheir size estimatefor the weh Bharatand
Brode (Bharat& Broder199®) proposeanotter methalol-

ogy basedn generatig rancbm queies.

Othermethals male explicit useof the hyperlink struc-
ture of the weh We can view the web as a directel
graph whose nodes correspad to web pagesand edges
correspondto hyperlinks. A sampleof web pagescan
be generatedby crawling the web graphaccordng to a
specifiedpolicy. Henzingr et al. (Henzingr et al.
20Q) presenta crawling policy thatis basedon reweight-
ing the results of a rancbm crawl in orderto appoxi-
mate a uniform sample. Their algoithm (which we re-
fer to as PAGERANK-SAMPLE) makes use of the PageR-
ank of eachweb page. PageRankis a measureof the
popularity of a web page,andis usedin part by Goode
(htt p: / / www. googl e. con ) to rank searchresults
(Brin & Pagel1998. Theauthorsexplainhow their methal
can ideally yield a nearly uniform sample,thoudh they
point outa few practicalandtheoetical barries, discussed
furtherin the Compar ative Experiments Section.In their
experimentalresults the geneatedsamplestill appearsi-
asedowardweb page thathave large numbersof inbound
links.

Bar-Yossefetal. (Bar-Yossefetal. 2000 proposeanal-
terndive randbm-walk methal for samplingiwebpagesuni-
formly. Their metha (REGULAR-SAMPLE) assumeshat
thewebis an undirectedgraph, so that hyperlinkscanbe
followed backward as well asforward. Sincethe web is
nottruly undirected,in practicethealgorithmmustquerya
searctengire for theinbourd links to eachpage.Their ex-
perimentsseemto indicatethat, whenappliedto the actual
web, this type of appoximatian resultsin a biasedsample.

In this paperwe develop anew algorithmfor gererating
uniform samplesrom the web, alsobuilt upan a randbm-
walk methalology Our appr@ch (DIRECTED-SAMPLE)



works on arbitraly directedgraphs, soit is directly appli-
callleto theweh We provethat,in theasymptdic limit, the
algorithm geneatesa uniform sampleof web pages—thia
is, the expeded numter of occurencesn the sampleis the
samefor all pagesontheweh To ourknowledge thisis the
first algorithm with provableasymptoticcornvergenceonthe
realweh In the Algorithm UNDIRECTED-SAMPLE
and Analysis Section,we modify the algorithm to operate
onanundrectedgraph (UNDIRECTED-SAMPLE), wherewe
assumeknowledge of the inbound links to every page. In
this setting,we shaw thatthe prablemandanalysisis con-
siderablysimplified. In additionto guarameeingcorver
gencewe canderive formal bound onthetime to corver
gence.

In the Empirical Results and Comparisons Section,
we test our DIRECTED-SAMPLE algoithm on a simu-
lated directedweb graph shawing that it geneatesnear
uniform samplesthat are indepadent of the numkber of
links to or from a page. We directly compae our
UNDIRECTED-SAMPLE algaithm with the PAGERANK-
SAMPLE and REGULAR-SAMPLE algoiithms, using sim-
ulatedweb dataunder undrected moceling assumptios.
In these experiments, both UNDIRECTED-SAMPLE and
REGULAR-SAMPLE outperform PAGERANK-SAMPLE. We
isolatethe key approximation in PAGERANK-SAMPLE that
we believe leadsto biasedsamples,and we shov that a
modified PAGERANK-SAMPLE canbethoudt of asa spe-
cial caseof DIRECTED-SAMPLE. Finally, we concludewith
asummay anddiscussiorof future researcldirectiors.

Setup and Notation

Broderet al. (Brode etal. 2000)find thatthe web can
be divided into four main compments: a centralstrongly
conrectedcore,a setof pageghatcanbereachedrom the
corebut do not conrectbackto it, a setof pagesthatcon-
nectto the core but cannotbe reachedrom it, anda set
of pagesdiscomectedfrom the core. We seekto generate
a uniform samplefrom amongthosepagesn the coreand
someof the pages reachale from the core. Almost ary
samplingmethal basedon a rancbm walk canrot hopeto
samplepageghatarenot reackablefrom the startingpage.
We believe that, for the purposesof statisticaltesting,this
subsebf thewebis sufiiciently represetative of mostpub-

licly accessiblevebpage of interest.

We view the web asa directedgraphwhereweb pages
arenodesand hyperlinks are edges. Denotethe set of all
webpagesasS = {1,2,...,n} andassumevithout loss
of generality(w.l.0.g.) that pagel is within the strongly
conrectedcore(e.g.,ht t p: / / www. yahoo. cont ). Let
X beann x n matrixdefinedby

1, if there is a link from page 7 to page j, OR
if i =j, OR
if ¢ has no outgoing links and j = 1.
0, otherwise.
The matrix X can be thought of asa conrection matrix
whosenon-2ro elementslenoteconrectionsbetweervar-

ious pagesin the weh Note thatwe assumew.l.o.g that
eachnockis connetedto itself (i.e., thediagmal elements
of X equall), andthat “dead end” pages without hype-
links connectbackto pagel. We alsomalke thefollowing
assumptia:

Assumption 1 Theee existsn > 1 sud that (X")z.j >0
foralli,j € S.

In otherwords,evely pagecanbereachedrom evety other
page by traversirg edges. This assumptiorholds for all
pagesin thestrondy conrectedcoreandsomepagesreach
ablefrom thecore.

Let P dende amatrix obtaired by normaizing eachrow
of X sothatit sumsto one:

Xij .

S X, Vi,j €S.

We canthenthink of P asthetransitionprobability matrix
associatevith arancdomwalk in whichahyperlink is cho-
senuniformly at randen. Assumptionl implies that the
associatedandan walk is irredweible, andsincethe diage
nal elementf P arepositive, it is alsoaperidalic. Thus,it
follows from a standardesultin stochastiqprocesseshat
thereexists a stationarydistribution 7 = (w(1),...,7(n))
associateavith P suchthat

(i) = ZW(])PJ,, VieS.

jES

P, =

Algorithm DIRECTED-SAMPLE and Analysis

Thesstationarydistribution = representghe asymptotidre-
quency of visiting eachpageuncer the randan walk with
transitionprobaility P. Thus,for a sufficiently longwalk,
we would expectthatthefrequeng/ thatawebpagei is vis-
itedis 7(¢). So,for eachwebpagei, if weincludeit in our
samplewith probability 1/7(¢), thenthe expectednumter
of occurracesof eachweb pagein our sampleshouldbe
the same,yielding a uniformly randan sample. Unfortu-
nately we do not know the true value of 7 (¢), sowe must
estimateit. For eachweb pagei collectedin our initial
crawl, we compue an estimateof the stationaryprababil-
ity (i) by perfaming anotter randan walk andrecording
how oftenthewalk visits page;.

Theformal definitionof thealgorithm follows. Notethat
therearefive designparaneters:sq, N, K, M, andj.

Algorithm DIRECTED-SAMPLE

1. Startat somewebpagesqy. Crawl thewebaccordimg to
transitionprobability P for IV time periads.

2. After N time periods, continte to crawl the webfor an
addtional K time periocs. Let X1,..., Xk dende the
web pagesvisited during this crawl, andlet Dy dende
thecollectionof distinctwebpagescollectedduring this
crawl. Notethat|Dy| < K sincesomewebpagesnight
berepeded.



3. For eachpagel € Dy, compite an estimatedstation-
ary probability 7 (/) asfollows. Crawl the web accod-
ing to P for M time periads startingat pagel. Let
z, 74, ..., Z4, dende the sequene of web pagesthat
arevisitedduringthecrawl, whereZ{ = [. Then let

M
D D Tr
w() = ==t ABE

wherelz: —; is anindicatorrandbm variale which is
1if Z! isequalto/, and0 othewise.

4. Forl <[ < K, includepag X; in thefinal sampleset
D with probalility /7 (X;), whereg is somepositive
numtersuchthat0 < f < ming—1,__ & 7(X;).

The following proposition establisheghe algorithnis
soundhess: for sufficiently large N and M, the returred
sampleset D is a uniform sample. Specifically in the
asymptaeic limit, the expected nurmber of occurencesof
pagei in D is thesamefor all pages € S.

Proposition 1 For anywebpagei € S, let
W; = number of occurrences of page i in D,

whee D is the final setof web pagesreturnedafter step
four of thealgarithm. Thenfor all i € S,

o lim, BV = 9K

Proof. Recallthatthevariabes X, ..., Xk dendethe
collection of web pagesgatheed in steptwo of the algo-
rithm. For1 < [ < K, let arandan variableY; bedefined

by

v — X; with probability /7 (X;)
=1 A otherwise,

whereA represets theevent that X; is notincludedin our
sample Thus,thecollectionof randon variables{Y; : Y; #
A} correspadsto the setof webpagesn our final sample
D. If so denoteghe startingpagefor ourcrawl in stepone,
it follows that

lim FE [W,]
N,M—oco

lim F
N,M—oco

K
> 1{141'}]
=1

o~ 5
= i 2 am =Y

wherethelastequalityfollows from thefactthat; = ¢ if
andonly if Y; # A andX; = i. SinceX; correspndsto
thestateattimel + K of ourrancdbomwalk,

K

) PR B N+
N,11\14n;1>OOE (Wil = N,}\I/Irgoo IZ; (i) (P

Soi.

It is astandadl resultin stochastigrocesseshat

: N+l _ Mo g
Z\/lgnoo (P )Soi o 1\411_1}[10071'(7/) B ﬂ.(l)’

whichimpliesthat

A, PV = BK:
[ |

We do not yet have a bownd on time to corvergence.
Very large values of N and M may be requiredto pro-
duee anearuniform sample poterially affecting the prac-
ticality of ruming DIRECTED-SAMPLE on the entireweh
Note that the paraneter N is the “burn4in” time. During
this phasewe needonly perform a memoryesscrawl; we
neednot recordary informationalongthe way. The pur
poseof burn-inis to eliminateary depaédenceon s, and
to induce a nearstatiorary distribution on the rancom vari-
ablesXjy, ..., Xk, which areinstantiatedn steptwo. Pa-
ramder M is the nunber of pagestraversedin orde to
estimatethe stationarydistribution over X4,..., Xk. Be-
causenvebpageswith ahigh nunberof inboundlinks (e.g,
htt p: // ww. yahoo. com ) arevisitedoften,thealgo-
rithm producesaccuratestimate®f their stationaryproba-
bilities evenwith arelatively small M/ . However, webpages
thathave smallnumktersof inbowndlinks (thevastmajoiity
of pagespccurveryinfrequentlyduring thecrawl, andthus
M may needto bevery large to obtaingoodestimatedor
thesepages.In the next section,we seethatwe canelimi-
natethis estimationphasg(stepthree)altogetter, if we can
assumeccesdso theinbowndlinks to every page.

We are currently pursuing technques to redwce and
bouwndthetimeto convergencefor DIRECTED-SAMPLE. We
arealsoexamirning thepotentialuseof thealgorithmin con-
jundion with afocuseccrawler (Chakabarti,vandenBerg,
& Dom 199; Diligenti etal. 20M), in orderto geneate
uniform sampleof topic-speific subsetof the web with-
outtraversingtheentireweh

Algorithm UNDIRECTED-SAMPLE and
Analysis

In the DIRECTED-SAMPLE algorithm, eachpagei collected
in steptwo is includedin thefinal samplewith probability
inverselypropationalto its estimatedstationaryprabability
#(4). The quality of the resultingsampledepads signifi-
cantly on how accuately we areableto estimatethe true
stationay probability 7 (7).

In this sectionwe show that, if we assumethe web is
an undrectedgraph then the algorithm becones greatly
simplified andexpedted. This assumptioris equivalentto
requring knowvledgeof all pageghatpoirt to a givenweb
page. The assumptions partially justified by the factthat
mary searctenginesallow queriedor inbourd links to web
pages. Note, however, thatthe searchengine’ databases
are neithercomplée nor fully up to date,and perfoming
mary suchqueriescanbetime consumiig andcostly



In this undrectedsetting,let X be an |S|-by-|S| matrix
definedby

— 1
X”:{O

wherei < j meanghatthereis eitherahyperlink from i to
j orfrom j toi. Thus,thematrix X dendestheconnetion
matrix betweervarious webpagesontheweb,ignoring di-
rectiondity. In this case Assumptionl holdsfor all pages
in thestrondy connectd core,all pageseachake fromthe
core,andall pageghatconrectto thecore.
Consideratransitionprabability matrix P definedby

ifi=joric

otherwise. ’

_ X,
P,’jzi—, Vl,jes
ZSESXiS

Thematrix P correspondto atransitionprobaility where,
atary givenwebpage onehyperlink is choseruniformly at
randan to follow (includng from amongthosewhich poirt
tothepage).

For ary web pagei € S, let d(i) denotethe degree of
1, or the sumof the numker of links from pagei andthe
numter of links to ¢. The degreed(7) is the total nunber
of comectionsassociatedvith pagei. Application of the
DIRECTED-SAMPLE algorithm to the caseof anundirected
graphreliesonthefollowing lemma.

Lemmal If Pis irr educible thenthe associatedtation-
ary distribution 7 of P is givenby

di) +1 d(i) +1

) = 18T s d(3) — 18] + 2"

Vi€ S,

wheee |£| dendesthetotal numberof edgesin thegraph.

Proof. SinceP;; > 0 foralli € S, it follows thatP is
bothirredwcible andaperiodc. It follows thata stationary
distribution existsandit is unique. Thus,it sufficesto shov

that -
(i) = Zf(j)Pji, VieS.
jes
Notethat
7(j)P d(j)+1 1
ZW(J)Pji = Z R
Jj€S jij=ior je+i |S1+ ZSES d(s) d(j)+1
= Z .
jij=ior j<>i |S| + Zses d(s)
_ @1
IS|+ 2,5 d(s)
= ()
Thedesiredconclwsionfollows. -

The above lemmaprovides us with an explicit formula
for the stationarydistribution of P. Thus, we canusethe
samebasicalgoithm presenteéh Section, but withoutstep

three sincewe donotneedo estimatehestationarnproba-
bility. This eliminateghe potentiallyverylong crawl of M
stepgequirdin thedirectedcase.Theformal definitionof
thealgoithm follows.

Algorithm UNDIRECTED-SAMPLE

1. Startat somewebpageso. Crawl thewebaccordirg to
transitionprobability P for N time periocs.

2. After N time periods, continte to crawl the webfor an
addtional K time periocs. Let X4, ..., Xk dende the
web pagesvisited during this crawl.

3. For1 <[ < K, pageX; will beincluded in our sample
with probability 3/ (d(X;) + 1), wheref is someposi-
tive numbe suchthat0 < § < 1 + min;— .. & d(X;).

The proof of Propaition 1 immedidely extends to the
currentcase.Moreover, by assuminghatthewebis mod
eledasanundirectedgrag, we areableto putabourd on
thedeviation of our samplefrom atruly-randomsample.

Let G = (S,€) dende the (undirectedgraph) of the
web,whereS dendesthe setof webpagesand€& denotes
the collectionof hyperlinks (assuminghat they are und-
rected. Letd, = max,csd(z) dende the maximum de-
gree andlet v, denotethe diameterof theweh Also, let
I" dende the collectionof shortestpathsbetweenary two
pointsin thewebgragh, andlet

b:rgggc|{’y€1‘:e€’y}|.

Thatis, b derotesthe maximum nurrber of pathsin I' that
have asingleedgein comman. Thus, b measursthe“bot-
tleneck in thewebgraph.

Proposition 2 Foreachi € S, let

W; = number of occurrences of page ¢ in sample.

Then,

EW;] 8 < ( B \/2|8| + 18] — d(s0) — 1) \N
K S| +2|€]| ~ \d@) +1 d(sp) + 1 >
wheie

2/¢| 2
A- < max [(1 T (@ +1)2'y*b) ’ (1 NCA 1))] '

Propsition2 impliesthatfor asuficiently largevalueof
N, the expectednumber of occurencesof eachweb page
in the sampleappoaches3 K/ (|S| + 2|£]). It alsoshovs
thattherateof corvergenceis exponentialin theparaméer
A+, whichdepend ongraphial propetiesof theweb,such
asits maximum degree diametey and bottleneck In the
future, we planto compue estimate®of thesequariities for
therealweh

Theprod of Propositior?2 relieson thefollowing results
from Diaconisand Stroock(Diacoris & Stroock1991) on
geanetricbourdsfor eigervaluesof Markov chains.



Lemma 2 LetP beatransitionprobabllity for areversible
Markov chain on a statespaceX with | X| = m andsta-
tionary distribution 7. Assumehat P is irreduciblewith
eigervauesl = Ao > Ay > ... \;,_1 > —1. Then,for all
ze€X,

1 —7T(.Z') n
7(x) A

Z |P:47cly _W(y)| S

yeX
where A, = max (A1, [Am—1])-
Proof. SeePropsition3 in (Diacors & Stroock199l). m

Lemma3 Let (X, E) beaconnetedgraph If P dendes
a randan walk on this graph, and A, derotesthe second
largesteigervalue of P, then

2|E|
<1-
M=
where d, = maxd(z) is the maximumdegreg .. is the
diameterof thegraph,and

= I:
b=max|{yeT:een},

wheie I denotesthe collection of shortestpatts between
anytwo pointsin thegraph.

Proof. SeeCorollay 1 in (Diaconis& Stroock199]). =

Lemma4 Let (X, E) be a conneted graph which is not
bipartite. For eath z € X, let o, beanypathof oddlength
fromz to z. LetX bethe collectionof sud paths, onefor
eah z € X. If P denotesa randomwalk on this graph,
and A\,i, dendesthesmallesteigervaue of P, then

/\min > -1 )

.

whete d, is themaximun degreg o, is themaximumrmum-
berof edgesin anyos € X, and

= E: .
b. rgle%d{a €X:eco}

Proof. SeeCorollary 2 in (Diaconis& Stroock199]). m
Sinceeachnock in our web gragh hasa self loop, we
canchoaeX in theaboe lemmato bea collectionof self
loops,onefor eachr € X. Then,
2
Amin > —1+ —.
> -1+ 4
This is the bound thatwe will usein our prod of Propai-
tion 2, which follows.

Proof. Recallthat Xq,..., Xk dende the collection of
web pages collectedduring steptwo. For1l < [ < K,
let arandan varialle Y; bedefinedby

X; with probability3/(d(X;) + 1)
Y = .
A otherwise,

wheie A repesentgheevert that X; is notincludedin our
sample Thus, thecollectionof randbmvariables{Y; : Y; #
A} correspondgo thesetof webpages in ourfinal sample.
Thus,

K
W; = Z liv=a},
=1

whichimpliesthat

EW)] =) d(i)’B+ CPr{X; =i}

=1
Thus,

Ew:] B
K 2|1E] + |S|

1~ (_8 . 8
- ?lzzl(d(i)+1pr{Xl_’}_2|5|+|3|)‘

B - o d()+1
Z(PT{XZ_Z}_72|£|+|S|)‘

K@) +1) | &

> (Pr{X; =i} - 7))

=1

B
S K@@+ 1

wherethelastequalityfollows from Lemmal. Sinces is
our startingwebpage,and X; correspadsto thewebpage
thatis visited at time N + [ of our crawl, it follows from
Lemma 2 that

1 —7(s0)
7(s0)
where\, = max {1, |Amin|} @ndA; denots the second

largesteigervalueof the transitionprabability P and ) min
derotesthesmallesteigervalueof P. Thus,

< B /1—7(s0) AN
Tod@) +1 (s0)

_ ( B \/2|£|+\S|—d(so)—1)AN
d@@) +1 d(so) +1 *

wherethelastequdity follows from the expressionof the
stationay proballity givenin Lemmal. It follows from
Lemmas3 and4 that

21€] 2
s Smax[<1—m> ’ <l_m>] ’

from which thedesiredresultfollows. [ |

[Pr{X; =i} —7(i)| < AN, Vl=1,...K,

EW; B
K 2|E| + |S|

Empirical Resultsand Comparisons

In this section, we presentexperimental evaluatins of
the DIRECTED-SAMPLE andUNDIRECTED-SAMPLE algo-
rithms, including compaisons with previous algorithms.
We describehow a modified PAGERANK-SAMPLE algo-
rithm can be viewed as a special case of DIRECTED-
SAMPLE, and we isolate the key apprximation stepin
PAGERANK-SAMPLE thatwe believe leadsto biasedsam-
ples.



DIRECTED-SAMPLE

We testthe DIRECTED-SAMPLE algorithmon a simulated
web graphof 100000 nodes, 71,18 of which belongto
theprimarystronglyconrectedconponen. Thegraphwas
geneatedusingPennak etal.’s(Pennak etal. ) extersion
of BarakasiandAlbert's (Baralési & Albert 1999 modé
of web growth. The model gereratesundrected grapts
with edge distributions almostidenticalto that of thereal
weh We corvertedtheresultingundrectedgraph into a di-
rectedgraphby assigninglirectiorality to edgesatrandam.
We ranthe DIRECTED-SAMPLE algorithmwith parametes
N =5x10%, M =2x 108 andK = 5 x 105, resultingin
asampleof size|D| = 2057. Becaus®ur methodis based
onarandm walk, we expectthe numkersof inbound and
outbaindlinks to bethe mostlik ely sourceof samplebias.
Figure 1 commresthe distribution of inbouwnd links in the
samplesetD to the true distribution over the entiregragh.
Figure?2 displaysthe samecomparisonfor outbaindlinks.
The likelihoad thata particdar page occursin the sample
appeasto beindepenentof thenumbe of links to or from
thatpage.

True Inlink Distribution

. L

10 15 20 25

Sampled Inlink Distribution
T T

10 15 20 25
Ratio

Generated Sample
1.5 — — Truly Random Sample

Figure 1: (@) Distribution of inbownd links for the sim-
ulatedweb graph (b) Distribution of inbouwnd links for
pagesreturred by the DIRECTED-SAMPLE algorithm (c)
Ratio of the sampleddistribution to the true distribution,
for both DIRECTED-SAMPLE anda truly rancbm sampling
algorithm.

Figure 3 shows a histogam of the nock ID nunbersin
the sample. All nodesin the graphare grouped into ten
equallyspacedouckets. Figure 3(a) shows the proportion
of samplechodeschasenfrom eachbucket. If thesamples
uniform, thenthe proportionin eachbucketshouldbeabou
the same. Figure 3(b) plots the ratio of the propation in
eachbucketto thetrue expectedvalue unde uniform sam-
pling. Fromthesefigures,theredoesnot appearto be ary
systematidiasin our samplirg.

True Outlink Distribution
0.4

0.3 —
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Sampled Outlink Distribution
T T

L
o] 5 10 15 20 25
Ratio

Generated Sample
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I I I
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Number of Outlinks

Figure 2: Comparisorof sampledandactualoutbaindlink
distributionsfor the DIRECTED-SAMPLE algoiithm.

Figure 3: Distribution of nodenumtersfor sampleggene-
atedby the DIRECTED-SAMPLE algoiithm.

UNDIRECTED-SAMPLE

In this section, we present empirical results of the
UNDIRECTED-SAMPLE algorithm The expaimentswere
performed on an undirected gragh of 100000 nodes
(71,189in the main conrectedcommnent) generatedic-
cordng Pennocket al.’s (Penmock etal. ) modé of web
growth. Theburrin time NV is setat 2000, andour start-
ing nodesg is setto noce numker 50,000. The generatd
samplesizeis |D| = 10,000 nodes. With the choice of
B = 1.999, abaut onein every five web pagesvisited is
accepedinto our sample.
Figure 4 shavsthedistribution of thenumbe of edgesn

thegraph versusthatof our sample.The bottomportion of
Figure 4 shows the ratio betweenthe proportion of nodes



in the samplehaving a certainnumter of edgesversusthe
true proportion. Overall, thereseemgo be no systematic
bias toward nodes with small or large degrees. Figure 5
shaws the histogran of the noce nunbersgeneatedunder
thealgorithm.

nnnnnnnnnnnnnnnnnnnn

o.a

20 25

Figure4: Distribution of the numter of edgesfor samples
geneatedby the UNDIRECTED-SAMPLE algotithm.
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Figure5: Distribution of node nunbersfor samplegjener
atedby the UNDIRECTED-SAMPLE algorithm

Compar ative Experiments

In this section,we compae the resultsof UNDIRECTED-
SAMPLE with thoseof PAGERANK-SAMPLE (Henzirgeret
al. 200) andREGULAR-SAMPLE (BarYossefetal. 2000.

Letn denotethetotal numberof nodesin thegraph The
PAGERANK-SAMPLE algorithmcondictsarandormwalk on
thegraph ateachnocde ¢, with prokability 1 — d aneighlor

of 4 is chosenat rancbm; with probability d, ary nodein
the graph is chosenat randan. Sincechosing a nodeat
rancdbm from amongall nodesis notfeasible Henzingeret
al. (Henzingretal. 2000 appoximatethis stepby chocs-
ing from amory all nodes visitedsofar. Thefinal sampleis
gereratedby choasing from amongthe visited nodeswith
probability inverselyproportionalto their PageRank

The REGULAR-SAMPLE algorithm condicts a randon
walk onadynanically-built graphcorstructedsuchthatev-
ery nodehasthe samedegree(i.e., sothatthe graphis reg-
ular). The constretion is perfamedby assuminghatthe
degree of every nodein the original graphis boundedby
somecorstantd,,..... Thenew gragh is built by addirg the
appopriatenumter of selfloops ateachnode sothatevery
noce hasthe samedegree Becausesachnocke in this graph
hasthe samedegree, the associatedtationarydistribution
for therandam walk on this graphis uniform.

True Edge Distribution (Total Nodes = 71189)
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Figure 6: (a) Distribution of edgedfor the simulatedund-
rectedgraph (b) Distribution of edgesfor pagesreturnel
by the PAGERANK-SAMPLE algorithm (c) Distribution of
edgesfor pagesreturred by the REGULAR-SAMPLE algo-
rithm. (d) Distribution of edgesfor pagesreturnal by the
UNDIRECTED-SAMPLE algorithm. (e) Ratioof thesampled
distribution to thetruedistribution, for all threealgoritims.

We used a burndin time of 2000 for UNDIRECTED-
SAMPLE and REGULAR-SAMPLE, and an initial seed
set size of 1000 for PAGERANK-SAMPLE. We ran
the UNDIRECTED-SAMPLE and PAGERANK-SAMPLE al-



gorithms until samplesof size 10,000 were collected.
The REGULAR-SAMPLE algorithm gererateda sampleof

2,98),668 noces, 14,354 of which were unique (the vast
majority of nodes were repeatsdue to self loops) We

assumedknowledge of the true d,,., = 937 for the
REGULAR-SAMPLE algoritm. Figure 6 shaws the true

edgedistribution for thesimulatedvebgragh, andthesam-
pled distributions for all three algorithms. We seethat
both UNDIRECTED-SAMPLE and REGULAR-SAMPLE pro-

ducewhat appearto be uniform sampleswithout any no-

ticeablebiasbasedon the numter of edgedncidentontoa

node Ontheotherhand PAGERANK-SAMPLE doesappear
to exhibit acorsistentbiastowardpagewith large nunbers
of edges.

We should note that the original idea undelying the
PAGERANK-SAMPLE algolithm canbe seenin somesense
asaspecialcaseof our DIRECTED-SAMPLE algorithm. The
idealizedcrawling policy of PAGERANK-SAMPLE corre-
spond to atransitionprabability Py givenby

Ld-{-% if j is a child of i

(PH)ij = { d&’m(i)

Tt otherwise.
IS

whered, . (i) denoteghe numker of outlinks of web page
1. Oncethe rancdbm walk is perfamed, eachpagei that
is visited will be includedin the samplewith prokability
that is inversely proportiond to the PageRankof i, de-
notedby PR(7). It turnsoutthat PR(i) is the stationary
prokability of page ¢ uncer the transitionprabability Pg.
So,theideaundelying PAGERANK-SAMPLE iS vely simi-
larto DIRECTED-SAMPLE, thoughemploying analternatve
crawling policy andassociatedtationarydistribution.

We believe that the source of bias in PAGERANK-
saMPLE stemsfrom the appraimation steprequred. As
Henzingr et al. (Henzirgeretal. 2000 note,we cannd
actuallycondict a rancdbm walk on the web graph accod-
ing to transitionprokability matrix Py. Recallthatunder
Py, with probaility d, a web pageis chosenat rancbm
from amongall pages. However, this is not feasible. In-
deed|f we couldchoseawebpageat randan, thenthere
wouldbenoneedor thealgoithm in thefirst place.So,the
authas appioximatethis stepby randanly chosing from
amory the pagesvisited so far. We conjectuie thatthis is
the primary sourceof erra contrilkuting to the biasin the
resultingsample.

Conclusion

We presentedwo new algoiithms (DIRECTED-SAMPLE
andUNDIRECTED-SAMPLE) for uniform randan sampling
of World Wide Web pages.Both algorithns generée sam-
plesthatareprovably uniformin thelimit. Therearetrade-
offs betweerthetwo algoithms. The DIRECTED-SAMPLE
algorithm is naturally suitedto the web, without ary as-
sumptiors, sinceit works on ary directedgraph thouwgh

it may take a long time to corverge. The UNDIRECTED-
saMPLE algoithm corvergesfaster andwe canformally
bouwnd its convergencetime, but the algorithm requilesan
assumptia that hyperlinks can be followed backward as
well as forward Empirical testsverify that both algo-
rithms apper to produce unbiaseduniform samples. On
simulatedweb data,the UNDIRECTED-SAMPLE algoritim
performsaswell asthe REGULAR-SAMPLE algorithmand
betterthanthe PAGERANK -SAMPL E algoithm—two meth-
ods recently proposedin the literature. We discussthe
theaetical connetions betweenDIRECTED-SAMPLE and
PAGERANK-SAMPLE, highlighting what we believe is the
key apprximation stepin PAGERANK-SAMPLE thatleads
to biasedsamples.
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