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Abstract

We presenttwo new algorithmsfor generatinguniformly
randomsamplesof pagesfrom theWorld Wide Web,build-
ing upon recentwork by Henzingeret al. (Henzingeret al.
2000)andBar-Yossefet al. (Bar-Yossefet al. 2000). Both
algorithmsarebasedon a weightedrandom-walk method-
ology. The first algorithm (DIRECTED-SAMPLE) operates
on arbitrary directedgraphs,and so is naturally applica-
ble to the web. We show that, in the limit, this algorithm
generatessamplesthat areuniformly random. The second
algorithm (UNDIRECTED-SAMPLE) operateson undirected
graphs,thus requiring a mechanism for obtaininginbound
links to web pages(e.g.,accessto a searchengine). With
this additional knowledge of inbound links, the algorithm
canarrive at a uniform distribution fasterthan DIRECTED-
SAMPLE, andwe derive explicit bounds on the time to con-
vergence. In addition, we evaluatethe two algorithmson
simulatedwebdata,showing thatbothyield reliablyuniform
samplesof pages.Wealsocompareour resultswith thoseof
previousalgorithms,anddiscussthetheoreticalrelationships
amongthevariousproposedmethods.

Introduction
TheWorld WideWebis a massivenetwork of information,
reflectingideasand trendsfrom throughout society. Ac-
curatecharacterizationsof theweb’s contentandstructure
provideawindow into theinterestsof millions of individu-
alsandorganizationsaroundtheglobe.However, obtaining
goodestimatesof theseandotherquantitiesis difficult, due
to theweb’ssheersize(about 
���
 pages(Inktomi/NECJan-
uary19 2000; Lawrence & Giles1999) andgrowing), and
its distributedanddynamic nature. Exhaustive enumera-
tion of all webpagesis a technically challenging andcostly
task,andany resultsbecomerapidlyoutdated(Brin & Page
1998; Kahle1997). A morereasonable approachis to infer
statisticsbasedona randomsampleof webpages.

Generating a uniform sampleof web pagesis itself a
nontrivial problem. Several methods have beenproposed,
though no standardmethodology hasemerged. Lawrence
andGiles (Lawrence& Giles 1998) queried major search�
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engines to estimatethe overlap in their databases. They
infer a bound on the size of the indexable web and es-
timate the searchengines’relative coverages. The same
authors (Lawrence & Giles 1999) employ a samplingap-
proachbasedon random testingof IP addressesto deter-
minecharacteristicsof hostsandpagesfound on theweb,
andto updatetheir sizeestimatefor the web. Bharatand
Broder (Bharat& Broder1998) proposeanothermethodol-
ogybasedongenerating randomqueries.

Othermethodsmake explicit useof thehyperlink struc-
ture of the web. We can view the web as a directed
graph whose nodes correspond to web pagesand edges
correspondto hyperlinks. A sampleof web pagescan
be generatedby crawling the web graph according to a
specified policy. Henzinger et al. (Henzinger et al.
2000) presenta crawling policy that is basedon reweight-
ing the results of a random crawl in order to approxi-
matea uniform sample. Their algorithm (which we re-
fer to as PAGERANK-SAMPLE) makes useof the PageR-
ank of eachweb page. PageRankis a measureof the
popularity of a web page,and is usedin part by Google
(http://www.google.com/) to rank searchresults
(Brin & Page1998). Theauthorsexplainhow theirmethod
can ideally yield a nearly uniform sample,though they
point out a few practicalandtheoreticalbarriers, discussed
furtherin theComparative Experiments Section.In their
experimentalresults,thegeneratedsamplestill appearsbi-
asedtowardwebpages thathave large numbersof inbound
links.

Bar-Yossefet al. (Bar-Yossefet al. 2000) proposeanal-
ternativerandom-walkmethod for samplingwebpagesuni-
formly. Their method (REGULAR-SAMPLE) assumesthat
the web is an undirectedgraph, so that hyperlinkscanbe
followed backward as well as forward. Sincethe web is
not truly undirected,in practicethealgorithmmustquerya
searchengine for theinbound links to eachpage.Theirex-
perimentsseemto indicatethat,whenappliedto theactual
web,this typeof approximation resultsin abiasedsample.

In this paper, wedevelop anew algorithmfor generating
uniform samplesfrom theweb,alsobuilt upon a random-
walk methodology. Our approach (DIRECTED-SAMPLE)



works on arbitrary directedgraphs, so it is directly appli-
cable� to theweb. Weprovethat,in theasymptotic limit, the
algorithm generatesa uniform sampleof webpages—that
is, theexpectednumber of occurrencesin thesampleis the
samefor all pagesontheweb. To ourknowledge,this is the
firstalgorithmwith provableasymptoticconvergenceonthe
real web. In the Algorithm UNDIRECTED-SAMPLE
and Analysis Section,we modify thealgorithm to operate
onanundirectedgraph (UNDIRECTED-SAMPLE), wherewe
assumeknowledgeof the inbound links to every page. In
this setting,we show that theproblemandanalysisis con-
siderablysimplified. In addition to guaranteeingconver-
gence,we canderive formal bounds on thetime to conver-
gence.

In the Empirical Results and Comparisons Section,
we test our DIRECTED-SAMPLE algorithm on a simu-
lateddirectedweb graph, showing that it generatesnear-
uniform samplesthat are independent of the number of
links to or from a page. We directly compare our
UNDIRECTED-SAMPLE algorithm with the PAGERANK-
SAMPLE and REGULAR-SAMPLE algorithms, using sim-
ulatedweb dataunder undirectedmodeling assumptions.
In these experiments, both UNDIRECTED-SAMPLE and
REGULAR-SAMPLE outperform PAGERANK-SAMPLE. We
isolatethekey approximation in PAGERANK-SAMPLE that
we believe leadsto biasedsamples,and we show that a
modifiedPAGERANK-SAMPLE canbethought of asa spe-
cial caseof DIRECTED-SAMPLE. Finally, weconcludewith
a summary anddiscussionof future researchdirections.

Setup and Notation
Broderet al. (Broder et al. 2000)find that the web can
be divided into four main components: a centralstrongly
connectedcore,a setof pagesthatcanbereachedfrom the
corebut do not connectbackto it, a setof pagesthatcon-
nect to the corebut cannotbe reachedfrom it, anda set
of pagesdisconnectedfrom thecore. We seekto generate
a uniform samplefrom amongthosepagesin thecoreand
someof the pages reachable from the core. Almost any
samplingmethod basedon a random walk cannot hopeto
samplepagesthatarenot reachablefrom thestartingpage.
We believe that, for thepurposesof statisticaltesting,this
subsetof thewebis sufficiently representativeof mostpub-
licly accessiblewebpages of interest.

We view the web asa directedgraphwhereweb pages
arenodesandhyperlinksareedges.Denotethe setof all
web pagesas ������
����������������! andassumewithout loss
of generality(w.l.o.g.) that page1 is within the strongly
connectedcore(e.g.,http://www.yahoo.com/). Let"
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The matrix

"
canbe thought of as a connectionmatrix

whosenon-zeroelementsdenoteconnectionsbetweenvar-

ious pagesin the web. Note that we assumew.l.o.g. that
eachnode is connectedto itself (i.e., thediagonal elements
of
"

equal1), andthat “deadend” pageswithout hyper-
links connectbackto page1. We alsomake the following
assumption:

Assumption 1 There exists �0_`
 such that a "cb�d�e4fhg �
for all ij�lknmo� .

In otherwords,every pagecanbereachedfrom every other
page by traversing edges. This assumptionholds for all
pagesin thestrongly connectedcoreandsomepagesreach-
ablefrom thecore.

Let p denoteamatrixobtainedby normalizing eachrow
of
"

sothatit sumsto one:q e>f � r e4fsut�vYw r e t �yxVij�zk{mo�X�
We canthenthink of p asthetransitionprobability matrix
associatedwith a randomwalk in whichahyperlink is cho-
senuniformly at random. Assumption1 implies that the
associatedrandom walk is irreducible,andsincethediago-
nal elementsof p arepositive, it is alsoaperiodic. Thus,it
follows from a standardresult in stochasticprocessesthat
thereexistsa stationarydistribution |}�~a�|<a�
 d ����������|<a�� d�d
associatedwith p suchthat|<a�i d �u�f vYw |<a�k d�q f�e �yx�i<m%�E�

Algorithm DIRECTED-SAMPLE and Analysis
Thestationarydistribution | representstheasymptoticfre-
quency of visiting eachpageunder the random walk with
transitionprobability p . Thus,for a sufficiently longwalk,
wewouldexpectthatthefrequency thatawebpagei is vis-
ited is |<a�i d . So,for eachwebpagei , if we include it in our
samplewith probability 
���|<a�i d , thentheexpectednumber
of occurrencesof eachweb pagein our sampleshouldbe
the same,yielding a uniformly random sample. Unfortu-
nately, we do not know the truevalue of |<a�i d , sowe must
estimateit. For eachweb page i collectedin our initial
crawl, we compute an estimateof the stationaryprobabil-
ity |<a�i d by performinganother random walk andrecording
how oftenthewalk visits pagei .

Theformal definitionof thealgorithm follows. Notethat
therearefivedesignparameters: �������������j��� and � .

Algorithm DIRECTED-SAMPLE

1. Startat somewebpage�Y� . Crawl thewebaccording to
transitionprobability p for � time periods.

2. After � time periods, continue to crawl the web for an
additional � time periods. Let r � ��������� rn� denote the
webpagesvisited during this crawl, andlet �o� denote
thecollectionof distinctwebpagescollectedduring this
crawl. Notethat � ���{�K��� sincesomewebpagesmight
berepeated.



3. For eachpage �om��{� , compute an estimatedstation-
ary� probability �|�a�� d asfollows. Crawl the web accord-
ing to p for � time periods starting at page � . Let���� � ���� ��������� �O�� denote the sequence of web pagesthat
arevisitedduringthecrawl, where

� �� � � . Then, let�|<a�� d � s �¡�¢ � 
�£�¤V¥¦ ¢ �¨§� �
where 
 £�¤ ¥¦ ¢ ��§ is an indicatorrandom variable which is
 if

���¡ is equalto � , and � otherwise.

4. For 
©�0�O��� , includepage r � in thefinal sampleset� with probability �!�V�|<a r � d , where � is somepositive
numbersuchthat �«ª¬�$ª¬­{®F¯ � ¢ �±°4²4²4²4° � �|<a r � d .
The following proposition establishesthe algorithm’s

soundness: for sufficiently large � and � , the returned
sampleset � is a uniform sample. Specifically, in the
asymptotic limit, the expected number of occurrencesof
pagei in � is thesamefor all pagesi³mo� .

Proposition 1 For anywebpage i�m%� , let´ e �µ¯:¶N­¸·V¹�º<»�¼<»K½�½�¶�º�º�¹�¯N½�¹�¾S»Y¼À¿NÁ�Â�¹+i@®�¯«�o�
where � is the final set of webpagesreturnedafter step
four of thealgorithm. Then,for all i³mo� ,Ã ®F­� ° �{ÄÆÅÈÇ©É ´ e�Ê � �@���

Proof. Recallthat thevariables r � ��������� rn� denote the
collectionof web pagesgathered in steptwo of the algo-
rithm. For 
��J���J� , let a random variable Ë � bedefined
by Ë � �ÍÌ r � Î ®FÏ�Ð{¿�º�»�·ÑÁY·�® Ã ®FÏ8Ò«�S�V�|<a r � dÓ »�Ï�Ð�¹�º Î ®¨¾�¹Y�
where

Ó
represents theevent that r � is not includedin our

sample.Thus,thecollectionof randomvariables ��Ë �SÔ Ë �UÕ�Ó  correspondsto thesetof webpagesin ourfinal sample� . If � � denotesthestartingpagefor ourcrawl in stepone,
it follows thatÃ ®�­� ° �«Ä¸Å ÇµÉ ´ e�Ê � Ã ®F­� ° �{ÄÆÅ Ç×Ö �� � ¢ � 
 £�Ø ¥ ¢ e §jÙ� Ã ®F­� ° �{ÄÆÅ �� � ¢ � ��|<a�i dÀÚ º�� r � � i� 
wherethelastequalityfollows from thefactthat Ë � ��i if
andonly if Ë � Õ� Ó

and r � �Ûi . Since r � correspondsto
thestateat time �NÜÝ� of our randomwalk,Ã ®�­� ° �{ÄÆÅÈÇµÉ ´ e Ê � Ã ®F­� ° �{ÄÆÅ �� � ¢ � ��|<a�i d6Þ p �+ß �áà t^â e �

It is a standard resultin stochasticprocessesthatÃ ®F­� Ä¸Å Þ p �+ß � à t^â e � Ã ®F­�{ÄÆÅ �|<a�i d ��|<a�i d �
which impliesthat Ã ®�­� ° �{ÄÆÅ ÇµÉ ´ e Ê ���@�ã�

We do not yet have a bound on time to convergence.
Very large values of � and � may be requiredto pro-
duce a near-uniform sample,potentially affecting theprac-
ticality of running DIRECTED-SAMPLE on the entireweb.
Note that the parameter � is the “burn-in” time. During
this phase,we needonly perform a memorylesscrawl; we
neednot recordany informationalongthe way. The pur-
poseof burn-in is to eliminateany dependenceon � � and
to induce a near-stationarydistributionon therandomvari-
ablesr � ��������� r{� , which areinstantiatedin steptwo. Pa-
rameter � is the number of pagestraversedin order to
estimatethestationarydistribution over r � ��������� r � . Be-
causewebpageswith ahighnumberof inboundlinks (e.g.,
http://www.yahoo.com/) arevisitedoften,thealgo-
rithm producesaccurateestimatesof theirstationaryproba-
bilitiesevenwith arelativelysmall � . However, webpages
thathavesmallnumbersof inboundlinks (thevastmajority
of pages)occurveryinfrequentlyduring thecrawl, andthus� mayneedto bevery large to obtaingoodestimatesfor
thesepages.In thenext section,we seethatwe canelimi-
natethis estimationphase(stepthree)altogether, if we can
assumeaccessto theinbound links to everypage.

We are currently pursuing techniques to reduce and
boundthetimetoconvergencefor DIRECTED-SAMPLE. We
arealsoexamining thepotentialuseof thealgorithmin con-
junction with afocusedcrawler (Chakrabarti,vandenBerg,
& Dom 1999; Diligenti et al. 2000), in orderto generate
uniform samplesof topic-specific subsetsof thewebwith-
out traversingtheentireweb.

Algorithm UNDIRECTED-SAMPLE and
Analysis

In theDIRECTED-SAMPLE algorithm, eachpagei collected
in steptwo is includedin thefinal samplewith probability
inverselyproportionalto its estimatedstationaryprobability�|<a�i d . The quality of the resultingsampledependssignifi-
cantly on how accurately we areable to estimatethe true
stationary probability |<a�i d .

In this sectionwe show that, if we assumethe web is
an undirectedgraph, then the algorithm becomes greatly
simplifiedandexpedited. This assumptionis equivalentto
requiring knowledgeof all pagesthatpoint to a givenweb
page. Theassumptionis partially justifiedby the fact that
many searchenginesallow queriesfor inbound links to web
pages. Note, however, that the searchengines’ databases
areneithercomplete nor fully up to date,andperforming
many suchqueriescanbetimeconsuming andcostly.



In this undirectedsetting,let
"

bean � �(� -by- � �ä� matrix
definedby

r e4f �ÍÌ 
 ®B¼<iÀ�ÝkÆ»�ºÀiSåæk� »YÏ�Ð�¹�º Î ®�¾�¹Y� �
whereiÀå`k meansthatthereis eitherahyperlink from i tok or from k to i . Thus,thematrix

"
denotestheconnection

matrixbetweenvarious webpagesontheweb,ignoring di-
rectionality. In this case,Assumption1 holdsfor all pages
in thestrongly connected core,all pagesreachable from the
core,andall pagesthatconnectto thecore.

Considera transitionprobability matrix p definedbyq e4f � r e>fs t�vYw r e t �yxVij�lk«mc�E�
Thematrix p correspondsto atransitionprobability where,
atany givenwebpage,onehyperlink is chosenuniformlyat
random to follow (including from amongthosewhichpoint
to thepage).

For any web page inm � , let çÑa�i d denotethe degreeofi , or the sumof the number of links from page i andthe
number of links to i . The degree çVa�i d is the total number
of connectionsassociatedwith pagei . Application of the
DIRECTED-SAMPLE algorithm to thecaseof anundirected
graphrelieson thefollowing lemma.

Lemma 1 If p is irreducible, thentheassociatedstation-
ary distribution è| of p is givenby|<a�i d � çVa�i d Ü 
� �ä��Ü sut�vYw çVaá� d � çVa�i d Ü 
� �(��Üé�N� ê³� �yx�i<m%�E�
where � ê³� denotesthetotal numberof edgesin thegraph.

Proof. Since
q e�e g � for all i©mu� , it follows that p is

both irreducible andaperiodic. It follows thata stationary
distributionexistsandit is unique. Thus,it sufficesto show
that |<a�i d � �f vYw |<aFk d q f�e �yx�i<m%�E�
Notethat�)±ë�ì íQî P�ï ð )�'ñ* �)�ò )�ó�'�ô^õ�)�öO' ÷ î P�ïNøÈ/ù ú+ù ø sJû ë�ì ÷ î�ü ïUý /÷ î P�ïNøÈ/* �)�ò )�ó�'�ô^õ�)�öO' /ù ú+ù ø s û ë�ì ÷ î�ü ï* ÷ î MáïÑø$/ù úOù ø s û ë�ì ÷ î�ü ï* í6î Máï
Thedesiredconclusionfollows.

The above lemmaprovidesus with an explicit formula
for the stationarydistribution of p . Thus, we canusethe
samebasicalgorithmpresentedin Section, butwithoutstep

three, sincewedonotneedto estimatethestationaryproba-
bility. Thiseliminatesthepotentiallyvery longcrawl of �
stepsrequiredin thedirectedcase.Theformal definitionof
thealgorithm follows.

Algorithm UNDIRECTED-SAMPLE

1. Startat somewebpage�Y� . Crawl thewebaccording to
transitionprobability

q
for � timeperiods.

2. After � time periods, continue to crawl the web for an
additional � time periods. Let r � ��������� rn� denote the
webpagesvisitedduring this crawl.

3. For 
«�u�³�u� , pager � will beincluded in our sample
with probability �S�+aáçÑa r � d Ü 
 d , where � is someposi-
tivenumber suchthat �{ªÝ�þªu
³Üþ­{®�¯ e ¢ �±°4²4²4² ° � çVa r � d .
The proof of Proposition 1 immediately extends to the

currentcase.Moreover, by assumingthat thewebis mod-
eledasanundirectedgraph, we areableto put a bound on
thedeviation of oursamplefrom atruly-randomsample.

Let ÿ � a �X��ê d denote the (undirectedgraph) of the
web,where� denotesthesetof webpages,and ê denotes
the collectionof hyperlinks (assumingthat they areundi-
rected). Let ç � � ­nÁ ��� vYw çVa�� d denote themaximum de-
gree, andlet � � denotethe diameterof the web. Also, let�

denote the collectionof shortestpathsbetweenany two
points in thewebgraph, andlet	 � ­nÁ �
 v�� �4�
��m � Ô�� m��Q :���
That is,

	
denotesthemaximum numberof pathsin

�
that

have a singleedgein common. Thus,
	

measures the“bot-
tleneck” in thewebgraph.
Proposition 2 For each i³mo� , let� ' * C�W�H � 9�;6G�3@G����jW�;^;89�C��j9j=@G�3@I:?�L�9<MÑ2BCä=8?�H I:A>9�[
Then,��� ��� ����� ! "# ì #%$'&(# )*# ����+ , "-/. '10 $32�4 &(# )*#5$3# ì # ! -6. û â 0 ! 2-6. û â 0 $72 8'9
:;=<
where> �@? HÆ?6ACB*D�/�E F ù GSùî ÷ � øÈ/�ï &IH �IJ�K 1�D�/�E Fî ÷ � øþ/±ï KML [

Proposition2 impliesthatfor asufficiently largevalueof� , theexpectednumberof occurrencesof eachwebpage
in thesampleapproaches�@� �+a�� �ä��ÜÝ�Ñ� ê³� d . It alsoshows
thattherateof convergenceis exponentialin theparameterN � , whichdependsongraphical propertiesof theweb,such
as its maximum degree, diameter, andbottleneck. In the
future,weplanto computeestimatesof thesequantities for
therealweb.

Theproof of Proposition2 reliesonthefollowing results
from DiaconisandStroock(Diaconis & Stroock1991) on
geometricboundsfor eigenvaluesof Markov chains.



Lemma 2 Let p bea transitionprobability for a reversible
MarkO ov chain on a statespacer with � r �6�QP andsta-
tionary distribution | . Assumethat p is irreduciblewith
eigenvalues 
ä� N � g N � _������ NSRUT � _WV 
 . Then,for all�ãm r , �X v�Y �� q b� X V$|<a�Z d �� �\[ 
MVh|<a]� d|<a�� d N b � �
where

N � � ­nÁ � a N � ��� N R^T � � d .
Proof. SeeProposition _ in (Diaconis & Stroock1991).

Lemma 3 Let a r � Ç d bea connectedgraph. If p denotes
a random walk on this graph, and

N � denotesthe second
largesteigenvalue of p , thenN � ��
MV �N� Ç �ç � � � � 	
where ç � � ­{Á � çVa�� d is the maximumdegree, � � is the
diameterof thegraph,and	 �µ­nÁ �
 v�` �4�6�hm � Ô�� ma�S K�±�
where

�
denotesthe collectionof shortestpaths between

anytwopointsin thegraph.

Proof. SeeCorollary 
 in (Diaconis& Stroock1991).

Lemma 4 Let a r � Ç d be a connectedgraph which is not
bipartite. For each � m r , let b � beanypathof oddlength
from � to � . Let c bethecollectionof such paths, onefor
each �um r . If p denotesa random walk on this graph,
and

NSdfe g
denotesthesmallesteigenvalueof p , thenN dfe g _hV 
³Ü �ç � b � 	 � �

where ç � is themaximum degree, b � is themaximumnum-
berof edgesin any bhmic , and	 � �µ­nÁ �
 v�` �>�
b$mjc Ô�� mjbS �j�
Proof. SeeCorollary � in (Diaconis& Stroock1991).

Sinceeachnode in our web graph hasa self loop, we
canchoose c in theabove lemmato bea collectionof self
loops,onefor each�ãm r . Then,Nkdfe g _lV 
<Ü �ç � �
This is thebound thatwe will usein our proof of Proposi-
tion 2, which follows.

Proof. Recall that r � ��������� rn� denote the collection of
web pages collectedduring steptwo. For 
 � � � � ,
let a random variable Ë � bedefinedbyË � � Ì r � Î ®BÏ�Ðn¿�º�»�·NÁY·N® Ã ®BÏ8ÒK�S��a�çVa r � d Ü 
 dÓ »YÏ�ÐN¹�º Î ®�¾�¹Y�

where
Ó

representstheevent that r � is not includedin our
sample.Thus,thecollectionof randomvariables��Ë �!Ô Ë �³Õ�Ó  correspondsto thesetof webpages in ourfinal sample.
Thus, ´ e � �� � ¢ � 
 £�Ø ¥ ¢ e § �
which impliesthatÇoÉ ´ e�Ê � �� � ¢ � �çÑa�i d Üµ
 Ú º � r � �µi� <�
Thus, ����nmpo � '�qr E sF ù GSù ø ù úOù ����* ����� /r  � t ó 2 D s÷ î Máï�øþ/vu ; � & t * M 	 E sF ù GSù ø ù úOù K �����* sr î ÷ î MáïÑøÈ/�ï

�����  � t ó 2 D u ; � & t * M 	 E ÷ î MáïNøÈ/F ù GQù ø ù úOù K �����? sr î ÷ î MáïÑøÈ/�ï
�����  � t ó 2 î u ; � & t * M 	 E í@î Máï^ï �����

wherethelastequalityfollows from Lemma1. Since��� is
ourstartingwebpage,and r � correspondsto thewebpage
that is visited at time ��Ü � of our crawl, it follows from
Lemma 2 thatù u ; � & t * M 	 E í6î Máï ù ?xw /�E í@î�ü6y ïí@î�ü y ï >{z � 1}|{~ * /�1j[j[j[ r 1
where

N � �Û­nÁ � � N � ��� N dfe g �4 and
N � denotes thesecond

largesteigenvalueof thetransitionprobability p and
N�dfe g

denotesthesmallesteigenvalueof p . Thus,��� ����� ! "&(# )�#5$7# ì # ��� + "-6. '�0 $^2 4 2 ! � . û â 0� . û â 0 9/:;ó , "-6. '�0 $72 4 &(# )*#5$3# ì # ! -6. û â 0 ! 2-6. û â 0 $^2 8'9/:; <
wherethe lastequality follows from theexpressionof the
stationary probability given in Lemma1. It follows from
Lemmas3 and4 that> �@? HÆ?6ACB*D�/�E F ù GSùî ÷ � øÈ/�ï & H � J K 1�D�/�E Fî ÷ � øþ/±ï KML 1
from which thedesiredresultfollows.

Empirical Results and Comparisons
In this section, we presentexperimental evaluations of
the DIRECTED-SAMPLE andUNDIRECTED-SAMPLE algo-
rithms, including comparisons with previous algorithms.
We describehow a modified PAGERANK-SAMPLE algo-
rithm can be viewed as a special case of DIRECTED-
SAMPLE, and we isolate the key approximation step in
PAGERANK-SAMPLE that we believe leadsto biasedsam-
ples.



DIRECTED-SAMPLE

We test the DIRECTED-SAMPLE algorithmon a simulated
web graphof 100,000 nodes,71,189 of which belongto
theprimarystronglyconnectedcomponent. Thegraphwas
generatedusingPennocketal.’s(Pennock etal. ) extension
of Barab́asi andAlbert’s (Barab́asi & Albert 1999) model
of web growth. The model generatesundirectedgraphs
with edge distributions almostidentical to that of the real
web. We convertedtheresultingundirectedgraph into adi-
rectedgraphby assigningdirectionality to edgesatrandom.
We rantheDIRECTED-SAMPLE algorithmwith parameters�����E#%
���� , � �u�X#o
���� , and ���h�X#o
���� , resultingin
a sampleof size � �c�K���Y����� . Becauseourmethodis based
on a random walk, we expect thenumbersof inbound and
outboundlinks to bethemostlikely sourceof samplebias.
Figure1 comparesthedistribution of inbound links in the
sampleset � to the truedistribution over theentiregraph.
Figure2 displaysthesamecomparisonfor outboundlinks.
The likelihood that a particular page occursin the sample
appears to beindependentof thenumber of links to or from
thatpage.
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Figure 1: (a) Distribution of inbound links for the sim-
ulatedweb graph. (b) Distribution of inbound links for
pagesreturned by the DIRECTED-SAMPLE algorithm. (c)
Ratio of the sampleddistribution to the true distribution,
for both DIRECTED-SAMPLE anda truly random sampling
algorithm.

Figure3 shows a histogram of the node ID numbersin
the sample. All nodes in the graphare grouped into ten
equally-spacedbuckets. Figure3(a) shows the proportion
of samplednodeschosenfrom eachbucket. If thesampleis
uniform, thentheproportionin eachbucketshouldbeabout
the same. Figure3(b) plots the ratio of the proportion in
eachbucket to thetrueexpectedvalue under uniform sam-
pling. Fromthesefigures,theredoesnot appearto beany
systematicbiasin oursampling.
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Figure2: Comparisonof sampledandactualoutboundlink
distributionsfor theDIRECTED-SAMPLE algorithm.
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Figure 3: Distribution of nodenumbersfor samplesgener-
atedby theDIRECTED-SAMPLE algorithm.

UNDIRECTED-SAMPLE

In this section, we present empirical results of the
UNDIRECTED-SAMPLE algorithm. The experimentswere
performed on an undirected graph of 100,000 nodes
(71,189 in the main connectedcomponent), generatedac-
cording Pennocket al.’s (Pennock et al. ) model of web
growth. The burn-in time � is setat ������� , andour start-
ing node � � is setto node number ����������� . Thegenerated
samplesize is � �c��� 
���������� nodes. With the choiceof��� 
�� ����� , about one in every five web pagesvisited is
acceptedinto oursample.

Figure4 showsthedistributionof thenumber of edgesin
thegraph versusthatof oursample.Thebottomportionof
Figure 4 shows the ratio betweenthe proportion of nodes



in thesamplehaving a certainnumber of edgesversusthe
true� proportion. Overall, thereseemsto be no systematic
bias toward nodes with small or large degrees. Figure 5
shows thehistogram of thenode numbersgeneratedunder
thealgorithm.
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Figure4: Distribution of thenumber of edgesfor samples
generatedby theUNDIRECTED-SAMPLE algorithm.
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Figure5: Distribution of node numbersfor samplesgener-
atedby theUNDIRECTED-SAMPLE algorithm.

Comparative Experiments
In this section,we compare the resultsof UNDIRECTED-
SAMPLE with thoseof PAGERANK-SAMPLE (Henzingeret
al. 2000) andREGULAR-SAMPLE (Bar-Yossefetal. 2000).

Let � denotethetotalnumberof nodesin thegraph. The
PAGERANK-SAMPLE algorithmconductsarandomwalkon
thegraph: ateachnode i , with probability 
�V ç aneighbor

of i is chosenat random; with probability ç , any nodein
the graph is chosenat random. Sincechoosing a nodeat
random from amongall nodesis not feasible,Henzingeret
al. (Henzingeretal. 2000) approximatethisstepby choos-
ing from among all nodesvisitedsofar. Thefinal sampleis
generatedby choosing from amongthevisitednodeswith
probability inverselyproportionalto theirPageRank.

The REGULAR-SAMPLE algorithm conducts a random
walkonadynamically-built graphconstructedsuchthatev-
erynodehasthesamedegree(i.e., sothatthegraphis reg-
ular). Theconstruction is performedby assumingthat the
degreeof every nodein the original graphis boundedby
someconstant ç R�� � . Thenew graph is built by adding the
appropriatenumberof self loopsateachnode,sothatevery
node hasthesamedegree. Becauseeachnode in this graph
hasthe samedegree,theassociatedstationarydistribution
for therandom walk on thisgraphis uniform.
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Figure 6: (a) Distribution of edgesfor thesimulatedundi-
rectedgraph. (b) Distribution of edgesfor pagesreturned
by the PAGERANK-SAMPLE algorithm. (c) Distribution of
edgesfor pagesreturned by the REGULAR-SAMPLE algo-
rithm. (d) Distribution of edgesfor pagesreturned by the
UNDIRECTED-SAMPLE algorithm. (e)Ratioof thesampled
distribution to thetruedistribution, for all threealgorithms.

We used a burn-in time of 2000 for UNDIRECTED-
SAMPLE and REGULAR-SAMPLE, and an initial seed
set size of 1000 for PAGERANK-SAMPLE. We ran
the UNDIRECTED-SAMPLE and PAGERANK-SAMPLE al-



gorithms until samplesof size 10,000 were collected.
The� REGULAR-SAMPLE algorithm generateda sampleof
2,980,668nodes, 14,064 of which were unique (the vast
majority of nodes were repeatsdue to self loops). We
assumedknowledge of the true ç RM� � � ��_�� for the
REGULAR-SAMPLE algorithm. Figure 6 shows the true
edgedistribution for thesimulatedwebgraph, andthesam-
pled distributions for all three algorithms. We seethat
both UNDIRECTED-SAMPLE andREGULAR-SAMPLE pro-
ducewhat appearto be uniform samples,without any no-
ticeablebiasbasedon thenumber of edgesincidentontoa
node. Ontheotherhand, PAGERANK-SAMPLE doesappear
toexhibit aconsistentbiastowardpageswith largenumbers
of edges.

We should note that the original idea underlying the
PAGERANK-SAMPLE algorithm canbeseenin somesense
asaspecialcaseof ourDIRECTED-SAMPLE algorithm. The
idealizedcrawling policy of PAGERANK-SAMPLE corre-
sponds to a transitionprobability

q��
givenbya q��äd�e4f ��� � T�����n���5� e�� Ü �� w � ®F¼Qk ®¨¾<Á ½jÐ�® Ã1� »Y¼Ài�� w � »YÏ�Ð�¹�º Î ®¨¾�¹��

where ç{�I����a�i d denotesthenumber of outlinks of webpagei . Oncethe random walk is performed,eachpage i that
is visited will be includedin the samplewith probability
that is inversely proportional to the PageRankof i , de-
notedby

q�� a�i d . It turnsout that
q�� a�i d is the stationary

probability of page i under the transitionprobability
q3�

.
So, the ideaunderlying PAGERANK-SAMPLE is very simi-
lar to DIRECTED-SAMPLE, thoughemployinganalternative
crawling policy andassociatedstationarydistribution.

We believe that the source of bias in PAGERANK-
SAMPLE stemsfrom the approximation steprequired. As
Henzinger et al. (Henzinger et al. 2000) note,we cannot
actuallyconduct a random walk on thewebgraph accord-
ing to transitionprobability matrix

q��
. Recall that underq��

, with probability ç , a web pageis chosenat random
from amongall pages. However, this is not feasible. In-
deed,if we couldchoosea webpageat random, thenthere
wouldbenoneedfor thealgorithm in thefirst place.So,the
authors approximatethis stepby randomly choosing from
among the pagesvisited so far. We conjecture that this is
the primary sourceof error contributing to the bias in the
resultingsample.

Conclusion
We presentedtwo new algorithms (DIRECTED-SAMPLE

andUNDIRECTED-SAMPLE) for uniform random sampling
of World Wide Webpages.Both algorithms generate sam-
plesthatareprovablyuniform in thelimit. Therearetrade-
offs betweenthetwo algorithms. TheDIRECTED-SAMPLE

algorithm is naturally suitedto the web, without any as-
sumptions, since it works on any directedgraph, though

it may take a long time to converge. The UNDIRECTED-
SAMPLE algorithm converges faster, andwe canformally
bound its convergencetime, but the algorithm requiresan
assumption that hyperlinks can be followed backward as
well as forward. Empirical testsverify that both algo-
rithms appear to produceunbiaseduniform samples. On
simulatedwebdata,the UNDIRECTED-SAMPLE algorithm
performsaswell asthe REGULAR-SAMPLE algorithmand
betterthanthePAGERANK-SAMPLE algorithm—two meth-
ods recently proposedin the literature. We discussthe
theoretical connections betweenDIRECTED-SAMPLE and
PAGERANK-SAMPLE, highlighting what we believe is the
key approximationstepin PAGERANK-SAMPLE that leads
to biasedsamples.
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